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Abstrat
The olletive modes of QCD at temperatures and densities above its phase-
transition are analyzed; models for various observables based on the knowledge
gained from this analysis are onstruted, and the results derived are ompared
to those of other methods, where available. Speially, isotropi systems as well
as systems having an anisotropy in momentum-spae are investigated using the
Hard-Thermal-Loop (HTL) approximation. Several observables are alulated,
ranging from thermodynami quantities and their appliation in the isotropi
ase to the ollisional energy loss in the isotropi as well as the anisotropi ase.
For isotropi systems, results at nite densities (or non-vanishing quark hem-
ial potential) based on a phenomenologial desription of lattie alulations at
vanishing densities are derived and ompared to those following from dierent
methods. It is shown that results for the thermodynami pressure and entropy
as well as those for the quark-number suseptibilities agree well with indepen-
dent lattie alulations, and it is demonstrated that the plasmon eet leads
to numerially small ontributions, in ontrast to what is found in stritly per-
turbative approahes. As possible appliations of the resulting equation of state
the mass-radius relationship of so-alled quark-stars as well as the hydrodynami
expansion in the Bjorken model of the quark-gluon plasma reated through a
heavy-ion ollision are alulated.
It is shown that systems with anisotropi momentum-spae distributions on-
tain unstable modes in addition to the stable quasipartile modes, whih  sine
they orrespond to exponentially growing eld amplitudes  may be of great
importane for the dynamial evolution of an inompletely thermalized quark-
gluon plasma. Moreover, the presene of suh instabilities and the orrespond-
ing singularities in the propagator lead to divergenes of sattering amplitudes
in a perturbative framework, signalling the breakdown of the latter. However,
it is demonstrated that at least one observable, namely the ollisional energy
loss, is proteted from these divergenies. This permits its alulation also for
anisotropi systems, as an be shown analytially both for very weak as well
as for extremely strong anisotropies. A subsequent omparison of results from
isotropi and anisotropi systems exhibits a possibly strong diretional depen-
dene of the energy loss for the latter, whih might lead to eets that an be
veried experimentally.
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There is a theory whih states that if ever anyone
disovers exatly what the Universe is for and why it is here,
it will instantly disappear and be replaed by
something even more bizarre and inexpliable.
There is another theory whih states
that this has already happened.
Douglas Adams, The Hith Hiker's Guide to the Galaxy II
Chapter 1
Introdution
1.1 Quantum hromodynamis
Today, quantum hromodynamis (QCD) is aepted to be the established theory
of strong interations. It has been formulated along the lines of the theory of
quantum eletrodynamis (QED), whih  as the uniation of quantum theory
and eletrodynamis  is ertainly one of the most suessful and aurate theories
in modern physis. Consequently, QCD bears several similarities but also exhibits
some striking dierenes with respet to QED, as will be briey illustrated in
the following. Both theories are gauge eld theories, but whereas QED is an
Abelian gauge theory with the gauge group U(1), quantum hromodynamis is
non-Abelian in nature, having the olor group SU(3) as a gauge group. The
gauge boson assoiated with the U(1) group of QED is the well-known photon,
while for the olor group SU(3) there are 8 assoiated gauge bosons alled gluons.
In ontrast to the photon whih is unharged, the gluons do arry olor harges
whih are the QCD equivalents of the eletromagneti harge. For QED, the
matter partiles are the eletron, muon and tauon while for QCD there are the
six quark speies up, down, strange, harm, beauty and top, whih are all spin
1/2 elds or fermions; those quark speies (or avors) with masses muh smaller
than the energy sale under onsideration are referred to as ative or light avors
and their number is usually denoted by Nf .
Both QED and QCD are renormalizable eld theories and as a onsequene
their oupling onstants are funtions of the energy sale Q. In Abelian gauge
theories (as QED) the oupling inreases for larger energy sales, whereas for low
energies it turns out to be small, allowing a valid (and indeed extremely aurate)
desription of our (low energy) everyday world using perturbation theory.
However, unlike in Abelian gauge theories, the non-Abelian nature of QCD
makes its oupling onstant αs(Q) derease as Q beomes large, a property that
is known as asymptoti freedom. Consequently, at very high energies one may
hope that perturbation theory oers a valid desription of QCD sine the oupling
1
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onstant gets tiny. On the other hand, when the energy sale gets smaller and
the oupling onstant rises, alulating observables in QCD beomes very hard
in general, sine one has to deal with a strongly oupled theory and perturbation
theory breaks down. Therefore, one obviously needs non-perturbative methods
to desribe the theory and explain the experimental fat that at very low energies
quarks and gluons annot roam freely but are onned into hadrons from whih
they do not esape.
While at low temperatures quarks and gluons are thus loked up mainly inside
protons and neutrons, one expets them to propagate freely in a state that has
been dubbed the quark-gluon plasma at very high temperatures. The exat nature
of this transition between the onned phase and the quark-gluon plasma phase
(whether it is a rst or seond order phase transition or a rossover) is still a
matter of ative researh.
Several theoretial methods have been proposed to study the physis of QCD,
eah most apt for a ertain energy range, the most popular being:
• Eetive models based on the QCD Lagrangian that allow to alulate the
low-energy behavior of the theory. Perhaps the most interesting of these
is hiral perturbation theory, based on the eetive hiral Lagrangian (see
Gasser's and Leutwyler's original artiles on this subjet [1, 2℄ or [3℄
for a pedagogial review).
• Monte-Carlo simulations of QCD on a lattie, whih so far is the only
method to provide quantitative results for the intermediate energy range
near the deonnement transition. Sine simulations with dynamial quarks
are muh more time onsuming than those without, the situation best stud-
ied in lattie QCD is that of a pure gauge theory. Nevertheless, there has
also been onsiderable progress for systems with quarks and reently even
for non-vanishing hemial potential. The latter in general poses a major
problem for lattie alulations beause of the sign problem, whih pro-
hibits the use of onventional numerial algorithms (see Karsh [4℄ for a
pedagogial review).
• Perturbative approahes, whih are expeted to be most aurate for very
high energies. For instane, there exist several methods to alulate the
equation of state for the quark-gluon plasma phase; a short review on this
subjet will be given in setion 1.4.
On the experimental side, the main earth-based tool to investigate QCD near
or above the phase transition is ultrarelativisti partile ollisions. The study
of these makes huge ollider failities neessary, suh as those of CERN (Cen-
tré Européenne pour la Reherhe Nuléaire) in Switzerland/Frane and BNL
(Brookhaven National Laboratory) in the U.S.A. While the SPS (Super Proton
Synhrotron) ollider at CERN produed the rst experimental indiation of the
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existene of the quark-gluon plasma phase, it has urrently been dismantled to
make way for the next generation ollider LHC (Large Hadron Collider), whih
will allow to probe energies well above the phase transition and is due to be-
ome operational in 2007. Sine 1999, RHIC (Relativisti Heavy Ion Collider)
is the ollider operational at BNL, whih has already produed a wealth of new
data bringing the study of nuleus-nuleus ollisions arried out at SPS to a new
energy regime.
Finally, indiret studies of QCD may be possible through astrophysial obser-
vations and osmology [5℄.
1.2 The deonnement transition
Our urrent understanding of QCD is suh that whenever the system under on-
sideration beomes suiently hot and/or dense, hadrons dissolve into a gas of
almost free quarks and gluons, the quark-gluon plasma. More preisely, either
the temperature T , or the quark hemial potential µ, or a ombination of both,
has to be big enough so that the system undergoes a transition to the deonned
state of matter. In a slight abuse of terminology, one refers to the temperature
and hemial potential, for whih the system undergoes the transition, as ritial
temperature Tc and ritial hemial potential µc, regardless of the exat nature
of the transition (rst/seond order phase transition or rossover).
At vanishing hemial potential, lattie studies of QCD tell us that the ritial
temperature is on the order of a few hundred MeV, whih is muh smaller than
the masses of the harm, beauty and top quark. For this reason, those heavy
quarks do not play a role in the desription of the physis near the deonnement
transition, so it is useful to limit the number of ative (=light) quark avors to
Nf = 3. Moreover, sine the up and down quark masses are so small ompared
to the energy sale of the deonnement transition, these quarks may be taken
to be massless. The strange quark, nally, is neither muh heavier nor muh
lighter than the deonnement sale, so the number of ative quark avors near
the deonnement transition is between two and three, also sometimes denoted
as Nf = 2 + 1.
Based on universality arguments, it is possible to show that for a pure gauge
theory (Nf = 0, orresponding to innitely heavy up, down and strange quarks)
as well as for three and more ative avors (Nf ≥ 3, orresponding to zero
up, down and strange quark masses) the deonnement transition should be a
rst-order phase transition. For Nf = 2, the transition is probably a seond
order phase transition, but the situation is not entirely lear [6℄. Fig. 1.1 shows a
artoon of our urrent knowledge about the nature of the deonnement transition
at vanishing hemial potential, indiating that for light up and down quarks
and a moderately heavy strange quark the transition is probably a ross-over [7℄,
though a weak rst-order transition annot be ruled out either (if the physial
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Figure 1.1: Charater of the transition as a funtion of the light quark masses
mu = md and the strange quark mass ms. The dot represents the physial values
of the parameters. From [6℄.
point in Fig 1.1 moves down).
The value of the ritial temperature has been studied intensively in lattie
QCD alulations at µ = 0, giving [8, 4℄
• Tc = 271± 2 MeV for Nf = 0
• Tc = 171±4 MeV and Tc = 173±8 MeV for Nf = 2, depending on whether
one uses Wilson or staggered fermion lattie implementations
• Tc = 154± 8 MeV for Nf = 3.
1.3 The quark-gluon plasma
The quark-gluon plasma phase is unlike any of the other phases we know of in
nature: it is a new state of matter, on equal footing with solid, uid, gaseous and
the eletromagneti plasma, whih makes its study interesting from a oneptual
point of view already. Furthermore, from standard osmology we expet that the
quark-gluon plasma was the prevailing form of matter until about 10−5 seonds
after the Big Bang, whih ould have interesting impliations on the universe.
Nowadays, it is expeted to be produed only in ultrarelativisti heavy-ion ol-
lisions, and perhaps reside in the ore of heavy neutron stars, whih might have
interesting astrophysial onsequenes. For these reasons, one would like to know
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more about the properties of this state of matter, espeially sine ultrarelativisti
heavy-ion ollision measurements in the next deade may allow to verify these
preditions experimentally.
One of these properties is the equation of state (EOS) of the quark-gluon
plasma; one the latter is reated through the ollision of two ultrarelativisti
nulei, the expansion of the reball is ontrolled mainly by the EOS. Also,
the EOS speies the mass-radius relation of so-alled quark-stars through the
Tolman-Oppenheimer-Volko equations.
The EOS itself follows from the pressure p(T, µ) (whih is related to the ther-
modynami potential Ω = −pV ) through the standard thermodynami equations
s =
dp
dT
, n =
dp
dµ
, ǫ = −p + sT + nµ, (1.1)
where s, n and ǫ are the entropy, number and energy density, respetively; from
these, the energy density is given as a funtion of the pressure only, ǫ = ǫ(p),
whih is one representation of the EOS. As a onsequene, knowledge of the
pressure for arbitrary temperature and hemial potential automatially implies
the EOS.
1.4 The QCD pressure
Sine the QCD oupling beomes small beause of asymptoti freedom, one ould
expet that weak oupling alulations at high temperature T or hemial poten-
tial µ lead to reasonable estimates of the thermodynami pressure of QCD. To
zeroth order in the oupling (where the quark-gluon plasma would orrespond to
an ideal gas of quarks and gluons), the pressure takes the form
p0 =
(N2 − 1)π2T 4
45
+NNf
(
7π2T 4
180
+
µ2T 2
6
+
µ4
12π2
)
, (1.2)
where Nf is the number of massless quark-avors and N = 3 is the number of
olors [9℄. The rst orretion to this result (whih itself orresponds to blak-
body radiation in eletrodynamis) is of rst order in αs and given by
p2 = −N(N2 − 1)αsπT
4
36
− (N2 − 1)Nf αs(N
2 − 1)π
144
(
5T 4 + 18
mu2T 2
π2
+
9µ4
π2
)
.
(1.3)
1.4.1 Vanishing hemial potential
To simplify the argument, onsider the hemial potential to be zero for the
moment, so that the pressure is proportional to T 4 and all the non-trivial tem-
perature behavior of p/T 4 resides in the temperature dependene of the strong
6 CHAPTER 1. INTRODUCTION
oupling αs. The standard proedure is to take the solution for the running ou-
pling from the renormalization group equation, whih to lowest (1-loop) order is
given by
αs(µ¯) =
12π
(11N − 2Nf) ln µ¯2/Λ2
MS
, (1.4)
and put the renormalization point µ¯ (not to be onfounded with the hemial
potential µ) proportional to the rst Matsubara frequeny, µ¯ = cµ¯2πT , whih for
massless quarks is the only dimensionfull quantity inherent to the theory. The
parameter cµ¯ expresses our ignorane about the ideal renormalization point and is
usually varied by a fator of two to obtain an estimate of how strongly the result
depends on this hosen renormalization point; obviously, one would prefer the
result to have as little dependene as possible on the arbitrary parameter cµ¯. The
strong oupling αs also depends on the sale parameter of the modied minimal
subtration sheme, Λ
MS
, whih annot be xed by theoretial onsiderations
but has to ome from experiments. However, αs is not easily measured at energy
sales near the deonnement transition, so one has to extrapolate measurements
down from higher energies. Currently, the oial extrapolation value at µ¯ = 2
GeV is given by [10℄
αs(µ¯ = 2GeV) = 0.2994; (1.5)
sine from the hoie of µ¯ ≃ 2πT this orresponds to a temperature where one
expets up, down and strange quarks to be eetively massless (Nf = 3), this
would x Λ
(3)
MS
≃ 194MeV. However, by using a higher order orretion to the
running oupling (2-loop),
αs(µ¯) =
12π
(11N − 2Nf )L¯(µ¯)
(
1− (34N
2 − 13NNf + 3Nf/N) ln L¯(µ¯)
6(11N − 2Nf)2L¯(µ¯)
)
(1.6)
where L¯(µ¯) = ln µ¯2/Λ2
MS
, the value of Λ
MS
hanges to Λ
(3)
MS
≃ 378MeV and adopt-
ing a 3-loop running oupling, one nds Λ
(3)
MS
≃ 344MeV. One ould still improve
on this result by taking into aount mathing onditions between the dierent
quark mass sales [11℄ as well higher order (e.g. 4-loop [12℄) beta-funtions for
the running oupling; however, being interested in a rough estimate only, one
an naively use the ritial temperature Tc ∼ 154MeV for Nf = 3 to obtain the
ratio Tc/Λ
(3)
MS
∼ 0.45, whih turns out to be reasonably lose to the value for two
ative avors advoated by Gupta [13℄,
Tc
Λ
(2)
MS
= 0.49. (1.7)
Therefore, I will adopt this ratio for all the two-avor alulations in the
following. Clearly, if a dierent value is adopted, some quantitative results in
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Figure 1.2: Stritly perturbative results for the thermal pressure of Nf = 2 QCD,
normalized to the ideal-gas value p0, as a funtion of T/Tc (assuming Tc/Λ
MS
=
0.49). The various gray bands bounded by dierently dashed lines show the
perturbative results to order αs, α
3/2
s , α2s and α
5/2
s , with the MS renormalization
point µ¯ varied between πT and 4πT [17℄. The boxes and triangles show the
estimated ontinuum-extrapolated lattie results from [18, 19℄.
this work will hange somewhat, but the qualitative piture remains the same
and the modiations to the results should be straightforward (I will also give
the trend of the modied result in hapter 5).
Having determined the temperature dependene of the oupling one an pro-
eed to evaluate the perturbative pressure; indeed, expliit alulations of higher
order ontributions to the pressure have been pushed to α
5/2
s [14, 15℄ and even to
α3s logαs in a reent heroi eort [16℄. The result, however, is rather depressing:
instead of showing any sign of onvergene, adding suessive orders gives a total
pressure that is sometimes below, sometimes above the free pressure p0, jumping
in an nearly unpreditable fashion (see Fig. 1.2). Perhaps worse, the ambiguity
introdued by the onstant cµ¯ seems to inrease for every order added to the
pressure, signalling a omplete loss of preditive power.
Various mathematial extrapolation tehniques have been tried, suh as Padé
approximants and Borel resummation [20, 21, 22, 23, 24℄. The resulting expres-
sions are indeed better behaved than polynomial approximations trunated at
order α
5/2
s or lower, showing a weaker dependene on the renormalization sale.
However, while these methods do improve the situation somewhat, it is fair to
say that they oer little physial insight on the soure of the diulty.
However, in reent years resummations based on the hard-thermal-loop (HTL)
eetive ation [25℄ have been proposed, alternatively in the form of so-alled HTL
perturbation theory [26, 27℄ or based upon the 2-loop Φ-derivable approximation
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[28, 29, 30℄ (see also Peshier [31℄)
1
. The latter approah, whih assumes weakly
interating quasipartiles as determined by the HTL propagators and NLO or-
retions thereof, leads to results whih agree remarkably well with lattie data
2
;
more details about this approah will be given later on. Reently, it has also been
shown that the results from the HTL quasipartile models are in fat onsistent
with those obtained in high-order perturbation theory if the latter is organized
through an eetive (dimensionally redued) eld theory aording to [35℄ and
eetive-eld-theory parameters are kept without further expanding in powers of
the oupling [17℄, as already advoated in Ref. [16℄.
1.4.2 Finite hemial potential
In ontrast to vanishing hemial potential, where lattie studies seem to be
quite apable of alulating the EOS for a quark-gluon plasma near the deon-
nement transition, this task is by far more diult at nite (and espeially large)
hemial potential. The reason for this is that the quark determinant beomes
omplex at nite hemial potential µ, so Monte-Carlo simulations ease to be
diretly appliable [36℄; this is known as the sign problem. Reently however,
there has been important progress also for lattie alulations
3
at non-vanishing
µ [38, 39, 40, 36, 41, 42, 43℄, whih irumvent the problem of a omplex quark
determinant by either a Taylor expansion in µ of the observables at vanishing
hemial potential or an analyti ontinuation of observables alulated at purely
imaginary µ. Unfortunately, all these alulations are limited to the ase of small
hemial potential (µ/T ≪ 1) for now, so an EOS for old dense matter, whih is
of importane in astrophysial situations [44, 45, 46, 47℄) is urrently beyond the
reah of lattie alulations. Moreover, a reent result for a model of QCD with
an innite number of avors (Nf → ∞) indiates that extrapolation of results
obtained at µ = 0 breaks down rather abruptly for µ/T & π, pointing presumably
towards a generi obstrution for extrapolating data from small to large hemial
potential [48℄.
As a remedy for this situation, Peshier et al. [44, 45℄ proposed a method
whih an be used to map the available lattie data for µ = 0 to nite µ and
small temperatures by desribing the interating plasma as a system of massive
quasipartiles. Sine this proedure does not involve any diret extrapolation, the
model proposed by Pehsier and its hard-thermal-loop (HTL) extension whih
1
For reent progress with higher-loop Φ-derivable approximations in salar eld theory see
Refs. [32, 33, 34℄.
2
This is in fat not the ase for 2-loop HTL perturbation theory [27℄. However a dimension-
ally redued variant [17℄ of this form of improved perturbation theory (whih is perturbatively
equivalent and moreover muh simpler) has reently been shown to agree well with the results
of Refs. [28, 29, 30℄ and orrespondingly also with lattie data.
3
A perturbative expansion of the pressure for small hemial potential has also been alu-
lated reently [37℄.
1.5. ANISOTROPIC SYSTEMS 9
will be onsidered later on are generally apable of alulating the EOS for the
quark-gluon plasma for any (i.e. also large) value of µ/T , given that the models
stay reliable for all temperatures and densities. Aordingly, suh quasipartile
models
4
are a valuable omplementary method to e.g. lattie alulations at
small hemial potential, and they turn out to give quite robust quantitative
preditions on the EOS for old dense QCD matter as well as on the ritial
hemial potential.
I will give a detailed disussion of the results for the EOS obtained by these
quasipartile models and also ompare with results from other approahes [51,
52, 46, 47℄.
1.5 Anisotropi systems
So far, all the disussion has been limited to homogeneous and isotropi systems.
However, onsidering that the system reated through a ollision of two heavy
ions propagating essentially at the speed of light is ertainly not homogeneous
and isotropi, one has to ask whether a desription through equilibrium eld
theory atually onstitutes a valid treatment of this system. This question an
be restated in the form of whether the system thermalizes fast enough so that at
least at a loal sale it an be desribed by equilibrium eld theory. The advent
of bottom-up thermalization by Baier, Müller, Shiff and Son [53℄ was a
big step towards answering this question, although there are indiations that this
sheme probably will have to be modied beause of more reent developments
disussed below.
Despite ontinuous progress [54, 55, 56, 57℄, an out-of equilibrium study of
QCD has not been ahieved yet; however, one may try to learn more about
out-of-equilibrium situations by studying systems that are lose to equilibrium.
For instane, one an onsider the eets that an anisotropi momentum-spae
distribution funtion has on the thermalization, or more preisely isotropization
of a quark-gluon plasma. As has been pointed out rst byMrówzy«ski [58, 59,
60℄, suh a system possesses instabilities that orrespond to so-alled Weibel or
lamentation instabilities in eletrodynamis [61℄. Weibel showed that unstable
transverse modes exist in eletrodynami plasmas with anisotropi momentum
distributions and derived their growth rate in linear response theory. In plasma
physis, it has been shown that these instabilities generate strong magneti elds
resulting in the lamentation of the eletron urrent by simulations and reently
also experimentally [62℄. The eets of these instabilities are muh less lear, but
they may potentially be very important for the quark-gluon plasma evolution at
RHIC or LHC due to the large amount of momentum-spae anisotropy in the
gluon distribution funtions at τ ∼ 1 fm/c.
4
See also the model in Ref. [49℄ whih has been extended to nite hemial potential in
Ref. [50℄.
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Mrówzy«ski and Randrup reently performed phenomenologial esti-
mates of the growth rate of the instabilities for two types of anisotropi dis-
tribution funtions [63℄, nding that the degree of ampliation of the Weibel
instability is not expeted to dominate the dynamis of a QGP, but instead is
omparable to the ontribution from elasti Boltzmann ollisions. However, if a
large number of the unstable modes ould be exited then it is possible that their
ombined eet on the overall dynamis ould be signiant.
Moreover, Arnold, Lenaghan and Moore [64℄ argued that the presene
of instabilities giving rise to large gauge elds neessarily hange the rst stage
of the bottom-up thermalization senario qualitatively, making a revision of the
original sheme unavoidable.
In this work, I will perform a detailed study of the HTL quasipartiles and
unstable modes in an anisotropi quark-gluon plasma and disuss their eets on
the properties of suh a system with respet to an isotropi quark-gluon plasma.
1.6 Outline of this work
In hapter 2, whih is still of introdutory harater, I will give a denition of
what I will refer to as quasipartiles and also introdue a simple quasipartile
model for the QCD pressure of the isotropi quark-gluon plasma. In hapter 3,
I will introdue resummed perturbation theory based on the 2PI eetive ation
and an extension of the simple quasipartile model that follows from it. In hapter
4, I will disuss the results one obtains from mapping lattie data from zero to
arbitrary hemial potential potential, inluding two possible appliations. In
hapter 5, I will investigate to what extent these results are modied when one
limits the input to only the value of Tc/Λ
MS
. In hapter 6, I will alulate the
HTL resummed gluon self-energy of an anisotropi quark-gluon plasma, identify
all stable and unstable olletive modes of the system, and onsider their eet on
the partoni energy loss with respet to an isotropi system in hapter 7. Finally,
I will give my onlusions in hapter 8.
Chapter 2
QCD Quasipartiles
When elementary partiles propagate through a medium, their vauum properties
are hanged through the eet of their interations, whih is also referred to as
dressing. In the simplest ase, a quasipartile is then just an elementary partile
whih had e.g. its vauum mass hanged to an eetive mass by the medium.
However, in general a medium is haraterized by a whole set of olletive
modes or quasipartiles (I will use the terms interhangeably), some of whih or-
respond to elementary partiles in the vauum and others whih do not. Loosely
speaking, a quasipartile is an in-medium exitation that behaves as if it was an
elementary partile, although it might not orrespond to one in the vauum.
Generally, quasipartiles possess a dispersion law E(k) that gives their energy
E as a funtion of their momentum k and  sine their lifetime may not be innite
 a deay or damping rate γ(k). Both the dispersion relation as well as the deay
rate are linked to the peak and width of the spetral densities; in the simple
ases onsidered in the following the spetral densities an be assumed to have a
Breit-Wigner form so that the dispersion relations and deay rate are linked to a
simple pole of the propagator.
2.1 The gluon propagator in the HTL approxima-
tion
The gluon propagator Gµν is related to the gluon self-energy Πµν through the
Dyson-Shwinger equation
G−1µν = G
−1
µν,0 +Πµν . (2.1)
11
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Using a tensor deomposition of the self-energy and restriting to the HTL ap-
proximation [65, 29℄ and the temporal axial gauge
1
one nds
Πij(ω, k) =
(
δij − kikjk2
)
ΠT (ω, k)− kikjk4 ΠL(ω, k),
Π00(ω, k) = −ΠL(ω, k), Π0i(ωk) = −ωkik2 ΠL(ω, k), (2.2)
where the longitudinal and transversal parts of the self-energy are given by
ΠL(ω, k) = m
2
D
[
1− ω
2k
ln
ω + k
ω − k
]
, ΠT (ω, k) =
1
2
[
m2D +
ω2 − k2
k2
ΠL
]
, (2.3)
and
m2D = 4παs
(
2N +Nf
6
T 2 +
Nfµ
2
2π2
)
(2.4)
is the QCD Debye mass squared. In the temporal axial gauge the gluon propa-
gator then reads
Gij(ω, k) =
(
δij − kikj
k2
)
GT (ω, k) +
kikj
k2
k2
ω2
GL(ω, k), (2.5)
where
GL(ω, k) =
−1
k2 +ΠL(ω, k)
, GT (ω, k) =
−1
ω2 − k2 − ΠT (ω, k) . (2.6)
The poles ω of the gluon propagator then fall into two branhes, orrespond-
ing to a longitudinal (G−1L (ωL(k), k) = 0) and a transversal (G
−1
T (ωT (k), k) = 0)
mode. The dispersion relations EL(k), ET (k) and assoiated damping rates
γL(k), γT (k) are simply given by the real and imaginary part of the poles, re-
spetively,
ωL(k) = EL(k)− iγL(k), ωT (k) = ET (k)− iγT (k), (2.7)
or more spei for the above modes,
0 = k2 + ReΠT (EL(k), k), E
2
T (k) = k
2 + ReΠT (ET (k), k),
0 = ImΠL(EL(k) + iγL(k), k), γT (k) = − 12ET (k)ImΠT (ET (k) + iγT (k), k).(2.8)
In Fig. 2.1, a plot of the dispersion relations in quadrati sale is shown: there
are propagating modes above a ommon plasma frequeny ω > ωpl =
√
m2D/3,
whih for the transverse branh tend to a mass hyperboloid with asymptoti mass
squared
m2∞ =
m2D
2
, (2.9)
1
This partiular gauge is hosen for onveniene only; a proof of the gauge independene of
the dispersion relations below an be found in [66℄.
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Figure 2.1: Dispersion relations for the transversal (GT ) and longitudinal (GL)
part of the gluon propagator in quadrati sales. Positive values of k2 orrespond
to propagating modes (mass hyperboloids show as straight lines parallel to the
light one indiated by the dashed line) whereas negative values show sreening
phenomena.
whereas the longitudinal branh approahes the light-one exponentially with
a residue that is exponentially suppressed. Indeed, this last mode (whih is
sometimes alled the longitudinal plasmon) does not have a vauum analogue
and disappears from the spetrum at k → ∞. The transverse mode, however,
represents an in-medium version of the physial gauge boson polarization.
For ω < ωpl, k turns out to be imaginary whih orresponds to the phe-
nomenon of sreening; in QCD, there is magneti (transversal mode) as well as
eletri (longitudinal mode) sreening with a sreening length given by 1/|k| as
long as ω > 0.
In the stati limit ω = 0, the self-energies beome ΠL(0, k) = m
2
D and
ΠT (0, k) = 0, respetively. Aordingly, whereas the longitudinal branh pre-
dits sreening in the eletrostati setor with inverse sreening length |k| = mD,
the solution to the transverse branh, k = 0, signals the absene of magnetostati
sreening. In fat, in Abelian gauge theories there are strong arguments that the
absene of a magneti sreening mass is required by gauge invariane of the the-
ory [67℄. However, in non-Abelian gauge theories this absene is not guaranteed
and indeed lattie QCD simulations do nd a sreening behavior in the transverse
setor [68℄. Note that also analytially one an nd a nontrivial magnetostati
behavior if one no longer requires the system to be isotropi; the result for the
magneti sreening mass, however, is somewhat unexpeted and this ase will be
desribed in more detail in hapter 6.
To leading order, the imaginary part of the gluon self-energy vanishes for
ω2 > k2. Aordingly, the damping rates of the quasipartiles are zero to this
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order of the oupling. However, there is a ontribution at order αs, whih has
been alulated by Braaten and Pisarski [69℄ in the zero momentum limit
after several inomplete attempts by various authors in the 1980's (see [65℄ for a
olletion of published values). For nonzero momentum the damping rates have
an apparent logarithmi singularity that is ut o by the magnetostati mass [70℄,
whih has to be alulated non-perturbatively; only the zero momentum result
seems to be proteted from this eet, although there may be dierent problems
arising at next-to-leading order [71℄.
Finally, in the region with ω2 < k2 the imaginary part of the gluon self-energy
is large (∼ αsT 2); this orresponds to the possibility of Landau damping, whih
is the dissipation of energy in the plasma [6℄ (see also hapter 7 where the energy
loss of a heavy parton is alulated).
2.2 The fermion propagator in the HTL approxi-
mation
The fermion propagator S (suppressing Lorentz indies) fullls a Dyson-Shwinger
equation similar to the gluon propagator
S−1 = S−10 + Σ, (2.10)
where Σ is the fermioni self-energy. The most general form of Σ ompatible with
the rotational and hiral symmetries is
Σ(ω, k) = a(ω, k)Γ0 + b(ω, k)kˆ · Γ, (2.11)
where Γ are the Dira matries. This an be rewritten as
Γ0Σ(ω, k) = Σ+(ω, k)Λ+(kˆ)− Σ−(ω, k)Λ−(kˆ), (2.12)
where Σ±(ω, k) = b(ω, k)± a(ω, k) and the spin matries
Λ±(kˆ) ≡ 1±Γ0Γ·kˆ2 , Λ+ + Λ− = 1, Λ2± = Λ±, (2.13)
Λ+Λ− = Λ−Λ+ = 0, TrΛ± = 2, (2.14)
projet onto spinors whose hirality is equal (Λ+), or opposite (Λ−), to their
heliity. Using S−10 = −/k + Σ one an deompose the propagator
S(ω, k)Γ0 = ∆+(ω, k)Λ+ +∆−(ω, k)Λ−, (2.15)
with ∆−1± ≡ −[ω ∓ (k + Σ±)]. Aordingly, there are also two fermioni pole
branhes orresponding to∆−1+ = 0 and∆
−1
− = 0, where the latter one is oasion-
ally referred to as plasmino branh. Using the result for the fermion self-energy
in the HTL approximation,
Σ±(ω, k) =
M2
k
(
1− ω ± k
2k
ln
ω + k
ω − k
)
, (2.16)
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Figure 2.2: Dispersion relations for the fermioni quasipartiles in quadrati sale.
Shown are the regular (+) and plasmino (-) branh, together with the light one
(dashed-line).
where M2 is the plasma frequeny for fermions,
M2 =
4παs(N
2 − 1)
16N
(
T 2 +
µ2
π2
)
, (2.17)
one an proeed to plot the dispersion relations E+(ω), E−(ω) for the fermioni
modes, shown in Fig. 2.2.
The plasmino branh shows an interesting minimum of ω at ω/M ≃ 0.93,
k/M ≃ 0.41 and approahes the light-one for large momenta with exponen-
tially vanishing residue; the regular branh tends to a mass hyperboloid with
asymptoti mass squared
M2∞ = 2M
2. (2.18)
The damping rates also vanish to leading order but there is a ontribution to
order αs, as was the ase for the gluoni modes [70℄.
2.3 Simple quasipartile model for the EOS
The main building blok one uses in the derivation of the HTL approximation
is that the prinipal ontribution for the loop integral in e.g. the self-energies
omes from momenta whih are of order k ∼ T , dubbed hard (hene the name
hard-thermal-loop). Therefore, for weak oupling αs when momenta of order
k ∼ α1/2s T (dubbed soft) are muh smaller than hard momenta, the thermody-
nami behavior of the system is dominated by the hard exitations. However,
the relevant olletive modes at large momenta have already been identied in
the previous setions: while the longitudinal plasmon as well as the plasmino
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mode are exponentially suppressed, the transverse gluoni and positive fermioni
branhes represent partile exitations that propagate predominantly on simple
mass shells with dispersion relations
ET (k)
2 = m2∞ + k
2, E+(k)
2 =M2∞ + k
2, (2.19)
with the asymptoti masses m∞ and M∞ given above. It is therefore straightfor-
ward to model the thermodynami pressure as a gas of weakly interating massive
partiles with residual mean-eld interation B [72, 44℄,
p(T, µ) = pg(T,m
2
∞) + pq(T, µ,M
2
∞)− B(m2∞,M2∞), (2.20)
where
pg(T,m
2
∞) = −2(N2 − 1)
∫
d3k
(2π)3
ln
(
1− e−ET (k)/T ), (2.21)
pq(T, µ,M
2
∞) = 2NNf
∫
d3k
(2π)3
ln
(
1 + e−(E+(k)−µ)/T
)
+ (µ→ −µ) (2.22)
represent the partial pressure from gluons (g) and quarks (q). Using the sta-
tionarity of the thermodynami potential under variation of the self-energies one
nds
∂B
∂m2∞
=
∂pg(T,m
2
∞)
∂m2∞
,
∂B
∂M2∞
=
∂pq(T, µ,M
2
∞)
∂M2∞
, (2.23)
implying
s =
dp
dT
=
∂[pg(T,m
2
∞) + pq(T, µ,M
2
∞)]
∂T
, n =
dp
dµ
=
∂pq(T, µ,M
2
∞)
∂µ
(2.24)
for the entropy and number density, s and n, respetively.
If one expands Eq.(2.20) in powers of the oupling αs, the leading order pertur-
bative result p0+p2 given in Eqs.(1.2,1.3), and part of the higher order orretion
is reprodued. Unexpanded, however, Eq.(2.20) represents a thermodynamially
onsistent resummation of terms in all orders of αs, suggesting also a possible
appliability of the model in the strong oupling regime. Indeed, by introduing
an ansatz for the strong oupling (inspired by the running oupling Eq.(1.4)) that
ontains two phenomenologial parameters λ and Ts at µ = 0,
αs,eff(T, µ = 0) =
12π
(11N − 2Nf) ln [λ(T + Ts)/Tc]2
, (2.25)
it turns out that one an aurately desribe lattie data for the entropy and
eventually the pressure (see hapter 3 for details).
Moreover, for non-vanishing hemial potential, one obtains a ow equation
for the oupling: sine the quasipartile masses depend on T and µ expliitly
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as well as impliitly through the oupling αs(T, µ), Maxwell's relation ds/dµ =
dn/dT implies a partial dierential equation for αs whih takes the form
aT
∂αs
∂T
+ aµ
∂αs
∂µ
= b, (2.26)
where the oeients aT , aµ and b depend on T, µ and αs. Given a valid boundary
ondition, a solution for αs(T, µ) an be found by solving the above ow equation
by the method of harateristis; one αs is thus known in the T, µ plane, the
quasipartile partial pressures pg and pq are also xed ompletely. Finally, the
residual interation B is then given by the integral
B =
∫ ∑
i=g,q
∂pi
∂m2i
(
∂m2i
∂µ
dµ+
∂m2i
∂T
dT
)
+B0, (2.27)
where B0 is an integration onstant that has to be xed either through lattie
data or through mathing the pressure on to a low-energy eetive theory. In
hapter 3 the details of this alulation and also an interpretation of the results
will be given.
2.3.1 Properties of the ow equation
When alulating the oeients aT , aµ and b of Eq.(2.26), one nds that in
partiular aT and aµ obey [45℄
aT (T, µ→ 0) = 0, aµ(T → 0, µ) = 0, (2.28)
while the respetive other oeient does not vanish in these limits. The har-
ateristi equations following from Eq.(2.26),
aµdT = aTdµ, aµdαs = bdµ, (2.29)
then imply that the harateristis are perpendiular to both the T and the µ
axes. Therefore, speifying the oupling αs on some interval on the T or µ axes
represents a valid boundary ondition for the ow equation (2.26).
In the limit of vanishing oupling αs → 0 it an be shown that the oeient
b vanishes. The oupling is then onstant along the harateristis, whih beome
ellipses in the variables T 2 and µ2 [44℄, given by
4N + 5Nf
9Nf
T 4 + 2T 2
µ2
π2
+
(µ
π
)4
= const. (2.30)
Note that for nonzero oupling this is still true approximately.
However, the solution to the ow equation is not foribly unique everywhere,
sine the harateristis may turn out to be interseting for ertain regions in the
T, µ-plane. This ambiguity as well as its resolution will be treated in more detail
in hapter 3.
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2.4 Summary
In this hapter I have dened and haraterized the leading-order gluoni and
fermioni quasipartile exitations relevant for QCD. From the respetive self-
energies the dispersion relations were alulated and it was found that for hard
momenta two of these exitations vanish exponentially while the remaining two
propagate approximately on simple mass shells. Following Gorenstein and
Peshier [72, 44℄, I argued that the thermodynami pressure of QCD an be
modeled by that of a free gas of massive partiles together with some residual
interation, whih itself is determined by requiring stationarity of the pressure
with respet to the self-energies. Antiipating that by using a simple 2-parameter
ansatz for an eetive strong oupling this model an be used to aurately de-
sribe lattie data for the entropy and pressure (whih will be done in hapter
3), I showed that by using Maxwell's relation one obtains a ow equation for the
oupling, whih, one solved, will give an equation of state of deonned QCD for
arbitrary temperature and hemial potential. Finally, I derived the equations
for the harateristis of the oupling ow equation and antiipated that they
will resemble ellipses in the variables T 2 and µ2, with endpoints perpendiular to
the T and µ axes.
Chapter 3
The HTL quasipartile model
In the last hapter I have set up a simple quasipartile model of the QCD pressure
that only takes into aount the hard exitations, ignoring longitudinal plasmon
and plasmino quasipartiles. A omparison between the stritly perturbative
pressure known to order α
5/2
s and a perturbative expansion of the simple quasi-
partile model shows that  while the leading orders are orretly reprodued
 only 1/4/
√
2 or about 18% of the order α
3/2
s term are inluded in the sim-
ple quasipartile model. However, it is preisely the inlusion of this term (also
alled the plasmon term) that makes the result for the pressure go wild in the
rst plae, spoiling the onvergene of the stritly perturbative expansion as was
shown in Fig. 1.2. Consequently, neither does the simple quasipartile model
inorporate a big part of the plasmon eet (whih ould mean quantitative re-
sults are inorret by an unknown amount) nor is it a priori lear whether an
extension inluding the full plasmon term would not go astray as violently as
in the strit perturbative ase (implying that also qualitatively the results from
the simple quasipartile model would be dubious). Therefore, it is important to
onsider renements of the simple quasipartile model that inorporate more of
the physially important plasmon term, so that the above aveats an be settled.
One suh renement, namely that of a quasipartile model for the QCD ther-
modynami pressure that is based on the HTL-resummed entropy [28, 73, 29℄,
will be onsidered in the following.
3.1 The entropy of the QCD plasma
As a starting point, one uses the result that the thermodynami potential Ω =
−pV an be written as the following funtional of the full gluon and fermion
propagators G and S [28℄:
1
T
Ω[G, S] =
1
2
Tr lnG−1 − Tr lnS−1 − 1
2
TrΠG+ TrΣS + Φ[G, S], (3.1)
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Figure 3.1: Diagrams for Φ at 2-loop order in QCD in the temporal axial gauge.
Wiggly lines refer to gluon, plain lines refer to fermions.
where Π and Σ are the gluon and quark self-energies of hapter 2 (related to the
full propagators by Dyson's equation (2.1, 2.10)) and Tr inludes traes over olor
indies and also over Lorentz and spinor indies when appliable. Φ[G, S] is the
sum of the 2-partile-irreduible skeleton diagrams, whih to 2-loop order are
shown in Fig. 3.1.
The essential property of the funtional Ω[G, S] is to be stationary under
variations of G and S (at xed G0 and S0),
δΩ
δG
= 0,
δΩ
δS
= 0, (3.2)
so the physial pressure is then obtained as the value of Ω at its extremum. Note
that the stationarity onditions imply
δΦ
δG
=
1
2
Π,
δΦ
δS
= Σ, (3.3)
whih together with the Dyson's equations dene the physial propagators and
self-energies in a self-onsistent way. Aordingly, by seleting a lass of skeletons
in Φ[G, S] and alulating Π and Σ from the above relations one obtains a self-
onsistent approximation of the physial pressure.
Using the temporal axial gauge whih preserves rotational invariane and
also makes the Faddeev-Popov ghosts deouple from the theory, the gluon and
quark propagators an be deomposed as in the previous hapter, so that one an
evaluate Eq.(3.1) using standard ontour integration tehniques. Aordingly, the
entropy density s = −dΩ/V
dT
is evaluated to be
s = sg + sq + s
′, (3.4)
where
sg = −(N2 − 1)
∫
d4k
(2π)4
∂n(ω)
∂T
{
2
[
Im ln (−ω2 + k2 +ΠT )− ImΠTReDT
]
+Im ln (k2 +ΠL) + ImΠLReDL
}
,
sf = −2NNf
∫
d4k
(2π)4
∂f(ω)
∂T
{
Im ln∆−1+ + Im ln
(−∆−1− )
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−ImΣ+Re∆+ + ImΣ−Re∆+} ,
s′ = − ∂(T/V Φ[G, S])
∂T
∣∣∣∣
D,S
+ (N2−1)
∫
d4k
(2π)4
∂n(ω)
∂T
(2ReΠT ImDT−ReΠLImDL)
+2NNf
∫
d4k
(2π)4
∂f(ω)
∂T
{ReΣ+Im∆+ − ReΣ−Im∆+} . (3.5)
Here n(ω) and f(ω) are the Bose-Einstein and Fermi-Dira distributions,
n(ω) =
1
expω/T − 1 , f(ω) =
1
exp (ω − µ)/T + 1 +
1
exp (ω + µ)/T + 1
, (3.6)
and deomposition of the propagators from hapter 2 has been used.
When restriting to an approximation where Φ[D,S] ontains only 2-loop
skeletons (shown in Fig. 3.1), one nds the remarkable property that
s′ = 0, (3.7)
whih has been shown in Refs. [74, 29℄ for QED and QCD, respetively. Sine
in this approximation the self-energies and propagators are to be determined
self-onsistently by solving gap-equations of the form
D−1T = −ω2 + k2 +ΠT [DT , DL,∆+,∆−], (3.8)
where ΠT is given by one-loop self-energy expressions only, the resulting expres-
sion for the entropy (3.4) is also eetively one-loop.
This has important onsequenes: rstly, one has redued the problem of
alulating a two-loop quantity (the free energy or thermodynami pressure) to
a simple integration of an eetively one-loop quantity (the entropy expression
from above); seondly, sine the term s′ has been interpreted as the ontribution
from the residual interation of the quasipartiles [29℄, the result s′ = 0 means
that this ontribution vanishes for the QCD entropy in the 2-loop approximation.
I will make use of this interpretation in the following.
3.1.1 Approximately self-onsistent solutions
Unfortunately, gap equations like Eq.(3.8) are non-loal, whih makes their
exat solution prohibitively diult. Moreover, the gap equations ontain UV
divergenies and therefore require a renormalization sheme ompatible with the
self-onsistent struture of this non-loal equation. Whereas this daunting task
has been at least formally resolved in the salar λφ4 model [33, 34℄, the riher
struture of QCD along with unresolved problems onerning gauge-dependenies
of the two-partile-irreduible sheme at higher orders [75℄ render a self-onsistent
renormalization of the gap-equations in QCD an open problem.
Therefore, it is onvenient to onstrut so-alled approximately self-onsistent
solutions, whih maintain the properties of Eq.(3.3) together with the Dyson's
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equations up to and inluding a given order of αs, and whih are manifestly
gauge independent and UV nite. For example, using the HTL results for the
self-energies and the resulting full propagators (given in hapter 2) onstitutes
just one suh approximately self-onsistent solution; therefore, using the HTL
approximation for the self-energies and propagators in Eqs.(3.4,3.5,3.7) gives a
gauge-invariant, non-perturbative approximation to the full entropy.
3.2 The HTL quasipartile model
Similar to the simple quasipartile model, one an onstrut a model for the
thermodynami pressure that inorporates the relevant HTL quasipartile exi-
tations, whih I will all the HTL quasipartile model in the following [76℄. Sine
this model should be a renement of the simple quasipartile model, two require-
ments have to be fullled: rstly, the HTL model has to inorporate more of the
physially important plasmon eet, and seondly, it should onstitute a natural
extension of the simple quasipartile model, inluding its struture in some sense.
The key to the onstrution of the HTL quasipartile model lies in the obser-
vation that similar to the results in the simple quasipartile model the entropy in
the two-loop Φ-derivable approximation of the previous setion is given in terms
of HTL quasipartile exitations only, while the ontribution from residual inter-
ations vanishes. One therefore denes the HTL quasipartile model entropy to
be given by Eq.(3.5), whih is known to be a fairly good approximation to the
full entropy of the quark-gluon plasma [29℄. Taking all this into aount, one is
led to the following ansatz for the thermodynami QCD pressure:
p(T, µ) = pg,HTL(T,m
2
D) + pq,HTL(T, µ,M
2)− BHTL(m2D,M2), (3.9)
with
pg,HTL = −2(N2 − 1)
∫
d3k
(2π)3
∫ ∞
0
dω
2π
n(ω)
[
2Im ln
(−ω2 + k2 +ΠT)
−2ImΠTReDT + Im ln
(
k2 +ΠL
)
+ ImΠLReDL
]
(3.10)
pq,HTL = −4NNf
∫
d3k
(2π)3
∫ ∞
0
dω
2π
f(ω) [Im ln (k− ω + Σ+)
−ImΣ+Re∆+ + Im ln (k + ω + Σ−) + ImΣ−Re∆−] , (3.11)
obeying the stationarity onditions
∂p
∂m2D
=
∂p
∂M2
= 0. (3.12)
Clearly, the model (3.9) fullls all of the above requirements: the pressure is de-
sribed by a gas of weakly interating HTL quasipartiles, whih have momentum-
dependent dispersion relations that were given in hapter 2. Therefore, the in-
tegrations in Eq.(3.11) pik up ontributions equal to those of the simple quasi-
partile model for large momenta, while for soft momenta the riher struture of
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Figure 3.2: Entropy data generated from Ref. [18℄ vs. tted model entropy. The
HTL and simple quasipartile model ts are nearly indistinguishable to the naked
eye.
the quasipartile exitations are taken into aount. Consequently, when doing
a perturbative expansion of Eq.(3.11) at µ = 0 in powers of the oupling αs, one
nds that 25% of the plasmon eet is inluded in the HTL model, in ontrast
to 18% for the simple quasipartile model. Furthermore, the stationarity ondi-
tion ensures that there is no residual interation to the entropy (s′ = 0) and the
resulting model entropy is indeed given by s = sg + sf .
In its setup, the HTL quasipartile model is very similar to the simple quasi-
partile model, so the general disussion of this model in hapter 2 remains valid
to a large extent also for the HTL model. Indeed, to tell whether the plasmon
eet has a destabilizing eet in these quasipartile models similar to what hap-
pens in strit perturbation theory, one has to ompare the results from both
models in a standardized proedure, so I will follow the steps from Eq.(2.25)
onwards for both models, lling in the details and pointing out the dierenes.
3.3 Modeling the lattie entropy and pressure
Restriting µ = 0 and using the ansatz (2.25) for the strong oupling αs, the
entropy of the HTL and simple quasipartile models beomes a funtion of the
temperature T and two t parameters Ts and λ, s = s(T, Ts, λ). Using lattie
data for Nf = 2 and N = 3 from Ref. [18℄ together with an estimated ontinuum
extrapolation from [45℄, these two parameters Ts and λ are determined by a least
square t to the data. The numerial values for these t parameters (whih are
reprodued in hapter 4) turn out to be quite similar, and the respetive ts to
the lattie data (shown in Fig. 3.2) are nearly indistinguishable.
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Figure 3.3: Residual interation B for the HTL (full line) and simple model
(dashed-line), respetively.
One the t parameters have been xed, so has αs,eff at vanishing hemial
potential, and onsequently also the quasipartile masses. One an then use
Eq.(2.27) together with dµ = 0,
B =
∫ ∑
i=g,q
∂pi
∂m2i
∂m2i
∂T
dT +B0, (3.13)
to determine the residual interation as a funtion of the temperature up to an
integration onstant B0. This integration onstant has been determined by a t
of the lattie pressure with the simple quasipartile model in [45℄, obtaining
B0 = B|Tc = 1.1 T 4c , (3.14)
so that the resulting model pressure at Tc beomes
p(Tc, µ = 0) = 0.536(1)T
4
c . (3.15)
To failitate omparison, I x the HTL model value of B0 by requiring
pHTL(Tc, µ = 0) ≃ 0.536 T 4c , obtaining B0,HTL = 0.82 T 4c . The resulting residual
interations for the HTL and simple quasipartile models are plotted in Fig. 3.3;
nally, the overall model pressure is ompared to the lattie data in Fig. 3.4.
Clearly, both the HTL and the simple quasipartile model an be used to
desribe the lattie data very aurately one a 2-parameter t for the eetive
oupling is adopted, even lose to the deonnement transition. Furthermore,
sine the t parameters turn out to be only slightly dierent and the resulting
ts to the lattie data are nearly indistinguishable, one onludes that (at least
at µ = 0) the inlusion of the plasmon eet does not seem to destabilize the
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Figure 3.4: Pressure data from Ref. [18℄ vs. model pressure. HTL and simple
model results are indistinguishable for the naked eye.
quasipartile models; on the ontrary, even though the eetive oupling gets
rather large near T = Tc (see hapter 4 for details), the eets of hanging the
perentage of the inluded plasmon eet are rather small. Therefore, one gains
some ondene that a phenomenologial desription of the thermodynami QCD
pressure through quasipartile models is also appliable in the non-perturbative
regime, and in turn may be used to derive results that lie parametrially far from
the initial (lattie) data.
3.4 Solving the ow equation
At non-vanishing hemial potential, the models are required to fulll Maxwell's
relation
ds
dµ
=
dn
dT
. (3.16)
Sine the entropy s as well as the number density n depend on T and µ both
expliitly through the Bose-Einstein and Fermi-Dira distribution funtions as
well as impliitly through the quasipartile masses, one has
ds
dµ
− dn
dT
=
∑
i=g,q
∂s
∂m2i
dm2i
dµ
− ∂n
∂m2i
dm2i
dT
, (3.17)
beause the expliit derivations of s and n with respet to µ and T anel, re-
spetively. The quasipartile masses themselves also depend on T and µ both
expliitly and impliitly through the oupling αs,eff , so that e.g. for the Debye
mass one nds
dm2D
dµ
=
Nf
2π2
2µ4παs(T, µ) +
∂αs(T, µ)
∂µ
4π
(
2N +Nf
6
T 2 +
Nfµ
2
2π2
)
. (3.18)
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Figure 3.5: Comparison of the shape of the harateristis for the HTL (full lines)
and simple quasipartile model (dashed lines). Tc denotes Tc|µ=0.
Therefore, Eq.(3.17) represents a partial dierential equation for the oupling
that an be written in the form already antiipated in Eq.(2.26),
aT
∂αs
∂T
+ aµ
∂αs
∂µ
= b; (3.19)
sine it takes a onsiderable amount of algebra to derive the oeients aT , aµ
and b in the HTL model, their expliit form may be of use in further studies.
However, sine their appearane is rather unwieldy, I refrain from reproduing
these oeients in the main text and have relegated them to appendix B.
When evaluating the oeients numerially and omparing their value for
the HTL and simple quasipartile model, one nds that while aT and aµ assume
nearly equal values, the oeient b turns out to dier notieably whih has
interesting onsequenes, as will beome lear in the following. The solution to the
ow equation (2.26) for the oupling is found by using the initial value ondition
αs,eff(T, µ = 0) and then numerially solving the harateristis of Eq.(2.26),
aµdT = aTdµ, aµdαs = bdµ. (3.20)
The shapes of the harateristis are shown in Fig. 3.5 for both the HTL and the
simple quasipartile model; as antiipated in hapter 2, the harateristi urves
resemble ellipses in T 2 and µ2, whih are perpendiular to both the T and the
µ axis. Furthermore, for the simple quasipartile model there is a set of har-
ateristis (those whih start at µ = 0 in the interval [Tc, 1.06Tc]) that interset
in a narrow region, indiating that there the solution to the ow equation is not
unique (see Fig. 3.6). However, when also alulating the pressure along the
harateristis it turns out that it beomes negative in the intersetion region;
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Figure 3.6: Charateristis starting very near Tc: for the simple quasipartile
model (dashed-lines) intersetions are ourring, while for the HTL model (full
lines) this is not the ase.
it has been argued [45℄ that this implies that a transition to another phase with
positive pressure has been ourring somewhere outside this region, whih there-
fore means that the quasipartile desription had broken down and the ambiguity
would be of no physial relevane.
Interestingly, for the HTL model, the dierene in the ow equation param-
eter b seems to ompletely lift the ambiguity problem: the harateristi urves
are well behaved and do not interset anywhere, as an be seen in Fig. 3.6. Un-
fortunately, the pressure still turns negative for some region in the T, µ plane
for the HTL model, so that learly also this model breaks down for ertain T, µ.
On the other hand, one an turn this breakdown of the quasipartile models
into a virtue by assuming that the deonnement transition ours near the line
T = T (µ) where the pressure vanishes. Therefore, an estimate for the ritial
transition line for arbitrary µ beomes alulable within the quasipartile models,
(see hapter 4 for details).
3.5 The pressure at nite hemial potential
Solving the ow equation provides one with an eetive oupling in the whole
T, µ plane, so that  via the expliit form of the quasipartile masses  the
ontributions pg and pq to the full pressure (2.20,3.9) are xed. It remains to
alulate the residual interation B, whih is most easily done by integrating
Eq.(2.27) along the harateristi urves of the ow equation (2.26). The result
for the full pressure is shown in a 3D-plot in Fig. 3.7.
As will be disussed in more detail in hapter 4, this result is in fairly good
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Figure 3.7: The full pressure of the HTL quasipartile model normalized to the
free pressure p0 in the T, µ plane.
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agreement with various lattie approahes. On the other hand, Ipp and Rebhan
[77℄ have found that in the exatly solvable large-Nf model of QCD the pressure
has a onspiuous kink near µ ≃ πT , signalling an abrupt hange of the pressure
for larger hemial potentials. This kind of behavior is not reprodued in the
quasipartile model approah for 2 avors; on the ontrary, it turns out that
the quasipartile model pressure is well desribed by its small-µ behavior even
for large values of the hemial potential, as will be disussed in more detail in
hapter 4. However, it is by no means lear that results obtained in the large-Nf
ase are also relevant in general for the physially interesting situations of Nf = 2
or Nf = 3, although for speial ases their eet may well be onsiderable, as has
reently been demonstrated [78℄.
3.6 Summary
In this hapter I have introdued the entropy of the quark gluon plasma through
the so-alled Φ-derivable formalism. A 2-loop approximation for the funtional
Φ that allows the entropy to be written as an eetively one-loop quantity was
presented, and it was pointed out that beause of problems onerning renormal-
ization and gauge-dependenies it is useful to introdue the notion of approximate
self-onsisteny. Sine using the HTL self-energies together with the respetive
Dyson's equations for the propagators introdued in hapter 2 orresponds to suh
an approximately self-onsistent approximation to the full quark-gluon plasma en-
tropy, this expression was used as a basis for an HTL quasipartile model, and it
was shown that this model orresponds to an extension of the simple quasipartile
model introdued in hapter 2.
Fitting two avor lattie data for the pressure it was found that at vanish-
ing hemial potential the HTL model onstitutes only a small orretion to the
simple quasipartile model, so it seems that the plasmon eet whih plays suh
a devastating role in strit perturbation theory is not destabilizing the quasi-
partile implementation. Moreover, an expliit solution to the ow equation for
the oupling shows that while the simple quasipartile model solution beomes
ambiguous in some region in the T, µ plane, one does not enounter any suh
problems for the HTL model.
Finally, I investigated the pressure at nite hemial potential and disussed
its general behavior in view of reent exat results for the large-avor limit of
QCD.
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Chapter 4
The QCD EOS for arbitrary µ and
ompletion of plasmon eet
Having demonstrated in the last hapter that lattie data at vanishing hemial
potential an be aurately desribed by quasipartile models with an eetive
oupling, I now onentrate on the quantitative preditions one an make by
mapping lattie data to nonzero hemial potential. More preisely, rst the
quasipartile model results at low hemial potential will be ompared to those
obtained through lattie alulations and stritly perturbative methods, and then
the ase of high hemial potential and low temperatures, where nearly all other
methods eventually break down, will be investigated. However, I will ignore the
eet of olor superondutivity, whih should beome important at very small
temperatures only, assuming that beause of the omparatively small energy gap
it onstitutes only a minor modiation to the thermodynami pressure in the
region of interest [46℄. The results in this hapter are based on Ref. [79℄; however,
here I will be able to go into more detail and also add some new results.
In the previous hapters, I have introdued the HTL quasipartile model that
inludes 1/4 of the full plasmon eet at vanishing hemial potential, whih is
a fator of
√
2 more than in the simple quasipartile model that uses only the
asymptoti HTL masses. Motivated by the rather suessful generalization of the
simple to the HTL quasipartile model I will try to improve the auray of the
HTL quasipartile model further by setting up a model that inludes even more
of the perturbative plasmon eet. In priniple, for this task one would need the
omplete (momentum-dependent) next-to-leading order orretions to the self-
energies, whih up to now no one had the strength to alulate; however, it has
been shown in Ref. [28, 29℄ that  as far as the plasmon eet is onerned  the
ontribution to the thermodynami quantities of these next-to-leading order or-
retions may be approximated by their averaged ontribution to the asymptoti
masses. Therefore, this opens the possibility of setting up a model that on-
tains the full plasmon eet at µ = 0, albeit at the prie of introduing another
unknown parameter, as will be disussed in the following.
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4.1 NLO quasipartile models
Denoting the momentum-dependent next-to-leading (α
3/2
s ) order orretions to
the self-energies as δΠT (ω, k) and δΣ+ (the other branhes do not reeive ontri-
butions at this order), respetively, the averaged orretions to the asymptoti
masses (2.9,2.18) have been alulated to be [28, 29℄
δ¯m2∞ =
∫
dk k n′(k)Re δΠT (ω = k)∫
dk k n′(k)
= −2αsNTmD (4.1)
and similarly
δ¯M2∞ =
∫
dk k (f ′+(k) + f
′
−(k))Re 2kδΣ+(ω = k)∫
dk k (f ′+(k) + f
′
−(k))
= −(N
2 − 1)
N
αsTmD . (4.2)
For the values of the oupling αs onsidered here, these orretions are so large
that they give tahyoni masses when treated stritly perturbatively. In Ref. [29℄
it has been proposed to inorporate these orretions through a quadrati gap
equation whih works well as an approximation in the exatly solvable salar
O(N →∞)-model, where strit perturbation theory would lead to idential dif-
ulties. However, for the fermioni asymptoti masses, in order to have the
orret saling of Casimir fators in the exatly solvable large-Nf limit of QCD
[80℄, a orresponding gap equation has to remain linear in the fermioni mass
squared. Choosing the orretion therein to be determined by the solution to the
gluoni gap leads to [81, 30℄
m¯2∞ = m
2
∞ − 2
√
2αsNTm¯∞ (4.3)
M¯2∞ = M
2
∞ −
√
2αs(N
2 − 1)T
N
m¯∞, (4.4)
wherem2∞ andM
2
∞ are the leading-order gluoni and fermioni asymptoti masses
as given in (2.9) and (2.18). This in fat avoids tahyoni masses for the fermions
as long as Nf ≤ 3. 1
Finally, sine the averaged quantities m¯2∞ and M¯
2
∞ are the eetive masses at
hard momenta only, a uto sale Λ =
√
2πTmDcΛ is introdued that separates
soft from hard momenta. The quasipartile pressure for this model, whih in the
following will be referred to as NLA-model, then separates into a soft and a hard
omponent for both gluons and fermions. The soft ontributions are given by
expressions similar to Eq.(3.11), but with Λ as upper limit for the momentum
1
For Nf = 3 the solutions to the above approximate gap equations happen to oinide with
those obtained in the original version of two independent quadrati gap equations of Ref. [29℄.
For the ase Nf = 2 onsidered here, the dierenes are fairly small. For Nf > 3, however, the
neessity to avoid tahyoni masses would restrit the range of permissible oupling strength
αs.
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integration. For the hard ontributions, the momentum integrations run from Λ
to∞ and the mass pre-fators in the HTL self-energies (2.3,2.16) are replaed by
their asymptoti ounterparts, m2D → 2m¯2∞ and M2 → 12M¯2∞.
The single free parameter cΛ in Λ an be varied around 1 to obtain an idea of
the theoretial error of the model. In the following the range cΛ =
1
4
to cΛ = 4
will be onsidered; note that cΛ =∞ orresponds to the HTL-model (whih has
been used as ross-hek) sine all hard orretions are ignored. On the other
hand, cΛ = 0 would assume that (4.3) and (4.4) represent good approximations
for the NLO orretions to the spetral properties of soft exitations. However,
the few existing results, in partiular on NLO orretions to the Debye mass [82℄
and the plasma frequeny [83℄, appear to be rather dierent so that it seems safer
to leave the soft setor unhanged by keeping a nite cΛ.
4.2 Fitting lattie data at µ = 0
Going through the program of tting the entropy expressions from the models
under onsideration to lattie data [18℄ for Nf = 2 as desribed in hapter 3, one
nds the following values for the t parameters Ts and λ:
simple HTL cΛ = 4 cΛ = 1 cΛ = 1/4
Ts/Tc -0.89 -0.89 -0.89 -0.84 -0.61
λ 17.1 19.4 18.64 11.43 3.43
It an be seen that the results for the simple, HTL and NLA quasipartile model
with cΛ = 4 are very lose. The ts to the entropy data all lie in a narrow band
for all the models onsidered [79℄, resembling the ts for the simple and HTL
quasipartile models shown in Fig. 3.2. The tted eetive oupling αs for the
various models is shown in Fig. 4.1; for omparison, also the 2-loop perturbative
running oupling in MS is shown, where the renormalization sale is varied be-
tween πT and 4πT and Tc = 0.49Λ
MS
. As an be seen from the plot, the results
for the eetive oupling are well within the range of the 2-loop perturbative
running oupling (for the ase cΛ = 1/4 and renormalization sale πT the results
even seem to be idential, whih is, however, probably only a oinidene). The
result for the oupling obtained in the semi-lassial approah of Ref. [84℄
2
is also
shown in Fig. 4.1.
In general, one an see that the eetive oupling beomes bigger when cΛ
gets smaller; this is beause the hard masses (for equal values of the oupling) are
smaller than the soft masses, whih makes the entropy inrease when the hard
parts beome more important. Aordingly, the oupling has to rise in order for
2
For nite µ and onstant temperatures, however, the oupling obtained in [84℄ rises while
the quasipartile model results indiate a derease of the oupling (whih is onsistent with the
standard QCD running oupling with renormalization sale proportional to
√
T 2 + (µ/pi)2).
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Figure 4.1: Eetive oupling: NLA model results for cΛ = 4,1 and 1/4 (full lines
from bottom to top), 2-loop perturbative oupling in MS (gray band) and result
from Ref. [84℄ (dashed line).
the entropy to math the data (therefore, for the extreme ase cΛ = 0 one nds
huge values of the eetive oupling onstant).
The fat that the tted eetive oupling agrees so well with the band of the
2-loop perturbative running oupling suggests that also simply using the pertur-
bative running oupling as an input might lead to results for the thermodynami
pressure that are not very dierent; this approah will be tested in hapter 5.
One the eetive oupling is known for µ = 0 one an proeed to x the
remaining integration onstant B0 as indiated in hapter 3. Setting p(Tc) =
0.536(1) T 4c one nds
simple HTL cΛ = 4 cΛ = 1 cΛ = 1/4
B0/T
4
c 1.1 0.82 0.73 0.6 0.47
The ts for the model pressure for the various models also turn out to lie in
a narrow band [79℄ resembling the HTL and simple quasipartile model result
shown in Fig. 3.4. Therefore, also the NLA quasipartile model an be used to
aurately desribe lattie data for the entropy and pressure at vanishing hemial
potential. In ontrast to what was found from the omparison between the HTL
and simple quasipartile model, the t parameters indiate that at least for cΛ < 1
the NLA model diers onsiderably from the other models. Unfortunately, it is
hard to say if this dierene is due to the full inlusion of the plasmon eet in
the NLA model and thereby represents a better approximation of the underlying
physis than the HTL model, or rather to the fat that only the averaged NLO
orretions to the self-energies were taken into aount and the deviations of
this model signal the onset of the breakdown of appliability, whih probably
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ours
3
at cΛ ≪ 1. In any ase, the results for physial quantities from the NLA
models with 1/4 < cΛ < 4 turn out to fulll the requirement that they represent
again small orretions to the HTL and simple quasipartile model results, giving
further ondene that the stability of quasipartile models is unaeted by the
plasmon eet.
4.3 Results for small hemial potential
The NLA model ow equations for the eetive oupling an be solved along the
lines of the HTL and simple model in hapter 3; the shape of the harateristis
resembles those of the other models and the rossing of harateristis found in
the simple quasipartile model also does not our in the NLA models (similar
to what has been found for the HTL-model).
4.3.1 Suseptibilities
One the ow equations of the various models have been solved, it is straightfor-
ward to alulate the quark-number suseptibilities at µ = 0,
χ(T ) =
∂2p
∂µ2
∣∣∣∣
µ=0
. (4.5)
The result  normalized to the tree level result χ0 =
NNf
3
T 2  is ompared to
lattie data for Nf = 2 [85℄ and Nf = 2+1 [40℄ in Fig. 4.2. As an be seen, there
is a very good agreement between the model preditions and the lattie data
(whih is ompletely independent from the one used in determining the model t
parameters). The result from a stritly perturbative alulation [86℄ (not shown)
also is onsistent with the results of Fig. 4.2 at larger temperatures, although
the unertainty in the latter is muh bigger than that of the quasipartile model
results (see also hapter 5).
Calulating the pressure at nite hemial potential p(T, µ) as desribed in
hapter 3, one is able to numerially extrat the higher order suseptibility
χ¯(T ) =
∂4p
∂µ4
∣∣∣∣
µ=0
(4.6)
by doing a least-square t to the model pressure
pm(T, µ) = p(T, 0) +
χ(T )
2
µ2 +
χ¯(T )
4!
µ4. (4.7)
3
This hypothesis is strengthened by the fat that although the NLA model with cΛ = 0 an
be made to desribe the lattie data at µ = 0, the values of the t parameters for this model do
not resemble anymore those of the other quasipartile models given above, and its subsequent
extension to nite hemial potential gives results that are at odds with respet to the other
models as well as lattie alulations.
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Figure 4.2: Suseptibilities from NLA
models (light gray band), from lattie
data for Nf = 2 [85℄ (triangles) and for
2+1 avors [40℄ (boxes).
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Figure 4.3: The tree-level result
√
2π
(dotted line) for the quantity x(T )
ompared to the HTL model result (full
line), lattie results from Ref. [42℄ as
well as results from strit perturbation
theory [37℄ (dashed line).
Parameterizing
χ¯(T ) =
χ(T )
2T 2
4!
x(T )
(4.8)
one obtains the result shown in Fig. 4.3. In this gure, also the lattie results
for the orresponding quantity in Ref. [42℄ (whih however have not been ex-
trapolated to the ontinuum limit) and stritly perturbative results [37, 87℄ (for
the spei renormalization sale µ¯ = 8.112T [88℄) are shown, indiating general
agreement between the dierent approahes.
A measure of how well Eq.(4.7) desribes the quasipartile result for the pres-
sure an be obtained by onsidering the quantity δp = p(T, µ)− pm(T, µ), shown
in Fig. 4.4: in the region onsidered (µ < 10Tc) the biggest deviations our
for temperatures near Tc; at T = Tc there is a maximum deviation of 8% near
µ ≃ 3.5 Tc, while for temperatures T > 1.3 Tc the deviations stay below 3×10−3.
In fat, this agrees with the result of Fodor and Katz [40℄, who found that
a saling relation Eq.(4.7) without the µ4 oeient works rather well for small
µ . Tc.
4.3.2 Lines of onstant pressure
One the data for the pressure at nite hemial potential has been alulated,
it is also straightforward to extrat lines of onstant pressure p(T, µ) = p(T0, 0).
Clearly, the line p(T, µ) = p(Tc, 0) is of speial interest, sine it is believed that
lose to this line the transition from the hadroni to the quark-gluon plasma phase
is ourring. For small µ, a quantity that an be ompared to reent lattie results
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Figure 4.4: Deviations of the quasipartile pressure from the model pressure
Eq.(4.7) as a funtion of µ saled with the free pressure p0: shown is HTL model
data for T = Tc (triangles), T = 1.1Tc (stars) and T = 1.3Tc (boxes). For higher
temperatures, the deviations are even smaller than those for T = 1.3Tc. The
result for T = Tc reahes to a maximum of about 8%.
is the slope Tc
dT
dµ2
of this onstant pressure line, whih is readily alulated for
the quasipartile models:
simple HTL cΛ = 4 cΛ = 1 cΛ = 1/4
Tc
dT
dµ2
-0.0634(1) -0.06818(8) -0.06810(6) -0.06329(34) -0.041(9)
One nds that  as antiipated  the simple and HTL quasipartile models as
well as the NLA models for cΛ > 1 give results that lie rather lose to eah other
whereas for cΛ = 1/4 the NLA model result is already somewhat o the other
values. In Fig. 4.5 the quasipartile model results are ompared to reent lattie
data for 2 + 1 avors [40℄ and 2 avors [36℄. One an see that the band for the
2 + 1 avor lattie alulation (resulting from tting the data with a seond-
order (upper limit) and fourth-order (lower limit) polynomial in µ as proposed
in [89℄) is in very good agreement with the simple, HTL, and NLA cΛ > 1
alulations, whereas for the NLA cΛ = 1/4 model the slope is somewhat atter.
The lattie study for 2 avors (dashed lines in Fig. 4.5) predits a slope of Tc
dT
dµ2
=
−0.107(22), whih is signiantly steeper.
Although there is no perfet math between all the various lattie and quasi-
partile model results for the onstant pressure slope, the deviations are small
enough that there is overall onsisteny between the dierent approahes. Indeed,
it is plausible that the remaining disagreement is due to the fat that none of the
lattie data have been rigorously extrapolated to the ontinuum limit, so that
both the data and the ts of the quasipartile models are still likely to hange
somewhat when this will be done eventually.
38 CHAPTER 4. THE QCD EOS FOR ARBITRARY µ
0 0.2 0.4 0.6 0.8 1
0.92
0.94
0.96
0.98
1
µ/Tc
T/Tc
Figure 4.5: Lines of onstant pressure: NLA models for Nf = 2 from cΛ = 4,
cΛ = 1 and cΛ = 1/4 (dotted lines from lowest to highest); lattie data for
Nf = 2 + 1 [40℄ (light gray band) and Nf = 2 [36℄ (long dashed-lines).
4.4 Large hemial potential
Extending the lines of onstant pressure from the dierent models to very small
temperatures one obtains a rude estimate of the deonnement transition line
in this region of phase spae (assuming that olor superondutivity has only a
minor eet, as argued above). Denoting with µc the hemial potential where
(for vanishing temperature) the pressure at vanishing temperature equals the
pressure at µ = 0, p(0, µc) = p(Tc, 0), one nds (assuming Tc = 172 MeV for
easier omparison)
simple HTL cΛ = 4 cΛ = 1 cΛ = 1/4
µc 548 MeV 533 MeV 536 MeV 558 MeV 584 MeV
µ0 525 MeV 509 MeV 511 MeV 537 MeV 567 MeV
Here µ0 denotes the value of µ where the pressure vanishes, whih may be taken
as a denite lower bound for the ritial hemial potential within the respetive
models.
In general, these results are in agreement with the estimates for µc from
Refs. [89, 45℄; for the QP models onsidered, the lowest and highest results for µc
are obtained for the HTL model and the NLA model with cΛ = 1/4, respetively,
while the µc of the simple QP model lies between the NLA cΛ = 4 and cΛ = 1
model values. However, even the lowest result for µc turns out to exeed the
value for the ritial hemial potential expeted in Ref. [90, 46℄.
The quasipartile results for the pressure at T/Tc ≃ 0.01 has been ompared
to the result of the perturbative pressure at vanishing temperature in Fig. 4.6.
The latter is originally due to Freedman, MLerran and Baluni [52, 51℄ but
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Figure 4.6: The pressure at vanish-
ing T : shown are perturbative results
(light gray band) and NLA models for
cΛ from 1/4 to 4 (dark band).
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Figure 4.7: Eetive oupling from
NLA models with cΛ = 4 to 1/4 (dark
band) and perturbative 2-loop running
oupling (light gray band).
has been realulated more preisely by Vuorinen [37℄,
p(T = 0, µ) =
µ4Nf
4π2
{
1− 2αs
π
−
[
18− 11 ln 2− 0.53583Nf +Nf ln Nfαs
π
+(11− 2
3
Nf) ln
µ¯
µ
](αs
π
)2
+O(α3s lnαs)
}
, (4.9)
where in this [91℄ form µ¯ again denotes the renormalization sale in the MS
renormalization sheme. The perturbative result has been evaluated using the
standard two-loop running oupling Eq.(1.6) with Λ
MS
= Tc/0.49 [13℄ and renor-
malization sale varied from µ to 3µ, as has been onsidered in Ref. [90℄. It an
be seen in Fig. 4.6 that while in general the quasipartile model and perturbative
results are onsistent, the variation in the latter (due to the unertainty in the
renormalization sale µ¯) is muh larger than the narrow band obtained from the
evaluation of the dierent quasipartile models. The perturbative two-loop run-
ning oupling at vanishing temperature itself is shown in Fig. 4.7 as a funtion
of hemial potential, ompared to the result of the eetive oupling for the
quasipartile models.
4.4.1 EOS for old deonned matter
By alulating the number density at T/Tc ≃ 0.01 and using the results for the
pressure one obtains an equation of state for old deonned matter. As is the
ase for the simple quasipartile model [45℄, one nds that also for the HTL and
NLA models the energy density ǫ is well tted by the linear relation
ǫ(p) = 4B˜ + αp
with
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Figure 4.8: Mass-radius relations of non-rotating quark-stars: shown are the
results using the EOS from the HTL (red full line) and NLA cΛ = 1/4 and cΛ = 1
models (blue dashed lines). Also shown are the inferred mass-radius relations of
RX J1856.5-3754 from Ref. [92, 93℄ (light gray region), a possible andidate for
a quark star. The dark shaded region is exluded by the ondition R > 2GM .
simple HTL cΛ = 4 cΛ = 1 cΛ = 1/4
4B˜/T 4c 12.3 (6) 11.1(8) 12.3(8) 14.7(9) 19.2(1.6)
α 3.26(5) 3.23(5) 3.22(4) 3.22(4) 3.17(4)
The value of α ≃ 3.2 for Nf = 2 seems to be model independent, in ontrast to
the bag onstant B˜1/4, whih varies between 314 and 360 MeV.
4.5 Appliation 1: Quark stars
As a rst appliation I will use the above equation of state for old deonned
matter to determine the mass-radius relations of non-rotating quark-stars. If
these stars exist, they would dier from ordinary neutrons stars by being more
ompat and therefore onsiderably smaller than urrent neutron-star models
allow [46℄, as I will show in the following.
Starting from Einstein's equations
Rµν − 1
2
gµνR = 8πTµν(ǫ(p), p) (4.10)
where Rµν , gµν and R denote the Rii and metri tensor and Rii salar, respe-
tively. Using the Shwarzshild solution for the metri of a spherially symmetri
and stati star one readily nds the familiar Tolman-Oppenheimer-Volko equa-
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tions [94, 95, 47℄,
dp(r)
dr
= −G
r2
[ǫ(r) + p(r)] [M(r) + 4πr3p(r)]
1− 2GM(r)
r
, (4.11)
where
M(r) = 4π
∫ r
0
ǫ(r)r2dr (4.12)
and G is Newton's onstant. The equations are easily solved by speifying a
entral pressure or density and alulating the size and mass of the orresponding
star using the equations of state from the previous setion. The results are
shown in Fig. 4.8, where it an be seen that the quasipartile model EOS allows
for quark-stars with masses of ∼ 0.8M⊙ and radii of less than 5 km (whih is
similar to the results found in Refs. [46, 45, 96℄). Current neutron star models
 whih are onsistent with the pulsar data [46℄  predit a maximum mass in
the range of 1.4 to 2 solar masses with radii ranging from 10 to 15 km, so if
pure quark-stars exist, they should in priniple be distinguishable from ordinary
neutron stars by observation. Interestingly, several observations of neutron star
andidates possessing properties that are in apparent ontradition with urrent
neutron star models exist, most prominently the objet RX J1856.5-3754, whose
inferred mass-radius relation (see Ref. [92, 93℄) is also shown in Fig. 4.8. The
exiting possibility that with the observation of RX J1856.5-36754 one has a diret
onrmation of the existene of quark-stars is still a matter of ongoing debate,
as there are propositions laiming that the available data an be desribed by an
ordinary neutron star; future observations are therefore needed to settle the issue
of the exat nature of RX J1856.5-36754.
Finally, it should be kept in mind that the outermost layers of suh a possible
quark star onsist of hadroni matter, giving rise to what is usually named a
hybrid star. The details of the star struture will depend sensitively on the
hadroni equation of state [45℄, whih unfortunately does not math on naturally
to the EOS of the quark-gluon plasma phase alulated above [46℄. Therefore, to
make lear preditions for the phenomenology of ompat stars one has to nd
a way to desribe the intermediate range of densities in the equation of state,
possibly by onsidering eetive eld theory models [97℄.
4.6 Appliation 2: Expansion of the quark-gluon
plasma
As a seond appliation, I shall now desribe the longitudinal expansion of the
matter produed in a entral ollision of idential nulei, using Bjorken's relativis-
ti hydrodynami model and the quasipartile EOS for the quark-gluon plasma
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alulated above. The starting point is the energy-momentum tensor of a rela-
tivisti uid with loal energy density ǫ(x) and pressure p(x),
Tµν = (ǫ+ p)UµUν − gµνp, (4.13)
where Uµ is the four-veloity of the uid obeying U2 = 1. Energy, momentum
as well as the baryon number Nµ = nUµ of the system should be onserved,
therefore
∂µTµν = 0, ∂
µNµ = 0. (4.14)
Introduing proper time τ and spae-time rapidity η dened as
τ =
√
t2 − z2, η = 1
2
ln
t+ z
t− z (4.15)
and negleting the eet of the transverse expansion as well as assuming that the
properties of the uid are invariant under Lorentz boosts in the z-diretion this
implies [98℄
ǫ = ǫ(τ), p = p(τ), T = T (τ), Uµ =
1
τ
(t, 0, 0, z) . (4.16)
With the use of the expressions
∂µτ = Uµ, ∂νUµ =
1
τ
(g˜µν − UµUν) (4.17)
and g˜µν = (1, 0, 0, 1), the onservation equations an be brought into the form
Uµ∂µ
( s
n
)
= 0, ∂µN
µ = 0, (4.18)
implying that the entropy density s per number density n is onserved by the
longitudinal expansion.
Using the quasipartile model EOS one an alulate the urves of onstant
s/n in the T, µ-plane, shown in Fig. 4.9. Surprisingly, the urves are very well
approximated by straight lines having slopes onsistent with the tree-level ap-
proximation
s
n
≃
T 3
(
32π2
45
+ 28π
2
30
)
2µT 2
=
T
µ
74π2
90
, (4.19)
as an be seen in Fig. 4.9; only at very large µ the tree level approximation
seemingly starts to break down.
Provided one has knowledge about the value of T, µ that the system reahes at
freeze-out (e.g. by analyzing experimental data using thermal model desriptions
of partile prodution [99℄) as well as an estimate of the initial energy density
reated after heavy-ion ollision, the above results allow an estimate of the initial
temperature and hemial potential. For example, Braun-Munzinger et al.
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Figure 4.9: Curves of onstant s/n = 100, 50, 30, 10, 5 for the HTL model (dots).
Also shown are the tree-level results (dashed straight lines) for the orresponding
values of s/n.
obtained (T, µ) ≃ (174MeV, 15MeV) as freeze-out values for the entral Au-Au
ollisions at RHIC with
√
s = 130GeV, whih orresponds to a value of s0/n0 ≃
100. Assuming furthermore an initial energy density of ǫ0 = 20GeV/fm
3 ≃ 175T 4c
[99℄ and again Tc = 172MeV one obtains (T0, µ0) = (344MeV, 27MeV) as initial
temperature and hemial potential. Consequently, one an alulate the time
behavior of the system by e.g. integrating Eq.(4.18),
n =
n0τ0
τ
, (4.20)
where n0 = n(T (µ0), µ0) and τ0 is expeted to be on the order of τ0 ≃ 1fm/c. In
this model, one nds that the system freeze-out time is given by τf ≃ 12fm/c. It
is lear however, that the above result is only a rough estimate of the time the
system remains in a quark-gluon plasma phase sine one has to take into aount
visous eets of the uid as well as the transversal expansion of the system that
annot be negleted at late times.
4.7 Summary
In this hapter, I have set up a possible extension of the HTL quasipartile model
that inludes the full plasmon eet, however at the prie of having to introdue
another parameter. The values of the parameters used to t the quasipartile
models to the Nf = 2 lattie data were given and it was shown that the resulting
running oupling turns out to be omparable to the 2-loop perturbative oupling.
I then investigated the quark-number suseptibilities at vanishing hemial po-
tential and showed that they agree very well with independent lattie data; for
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the HTL model, it was also shown that the higher-order derivatives represent
the trend of another independent lattie study. Furthermore, it turned out that
the quasipartile pressure an be very well desribed by these µ = 0 suseptibili-
ties, even up to rather large values of hemial potential. Moreover, I alulated
the lines of onstant pressure starting from the ritial temperature at µ = 0,
whih were shown to be ompatible with lattie studies in the validity region
of the latter. Extrapolating these results to large hemial potentials and small
temperatures I obtained an equation of state for old dense matter whih should
represent an improvement over existing perturbative results. As a rst applia-
tion, I then derived the mass-radius relationship of so-alled quark-stars, nding
results that t niely with the values inferred for RX J1856.5-3754, a possible
andidate for a quark star. As a seond appliation, I alulated the expansion
of a quark-gluon plasma reated after a heavy-ion ollision in the Bjorken model,
nding that the system ools along nearly straight lines in the T, µ-diagram. Fi-
nally, I estimated the time that the system remains in the quark-gluon plasma
phase using freeze-out values of the temperature and hemial potential inferred
for Au-Au ollisions at RHIC.
Chapter 5
Results independent of the lattie
In the last hapters I used an eetive oupling to desribe lattie data at van-
ishing hemial potential whih eventually gave a plausible equation of state for
arbitrary hemial potentials. Although this approah seems to work very well
it is somewhat unsatisfatory to be limited to available lattie data and a phe-
nomenologial ansatz for an eetive oupling. Therefore, I want to investigate
in this hapter how the results of the previous hapters are modied if one re-
nounes all lattie input safe one number, namely the ratio Tc/Λ
MS
, whih for
Nf = 2 I take to be given by 0.49, as was used before. Instead of the eetive
oupling I will use the standard two-loop running oupling of Eq.(1.6) with µ¯
ranging between πT and 4πT at µ = 0, therefore testing the theoretial error
of the model preditions. Furthermore, sine the quasipartile models represent
an implementation of the thermodynami quantities whih is orret at least to
leading perturbative order, one is then able to make preditions of these quan-
tities unontaminated by lattie artifats using the mahinery of the previous
setions. I will then ompare these preditions to both perturbational approahes
and lattie results (whenever available) as well as those obtained in the previous
hapters.
5.1 Setup
Using the HTL and NLA quasipartile models for the pressure and the two-loop
perturbative oupling, the expression for the entropy beomes that of Blaizot
et.al [29℄. Evaluating the entropy as a funtion of T by using Tc/Λ
MS
= 0.49
for Nf = 2 (whih diers from the value used in the original referene) one an
ompare the result to lattie data for Nf = 2 from Ref. [18℄ (used for the ts in
the previous setions) and Ref. [19℄ in Fig. 5.1a. As an be seen, the NLA model
results are in general agreement with the lattie data (espeially sine a rigorous
extrapolation of the lattie data to the ontinuum limit is still missing) while the
HTL model seems to predit slightly too small values for the entropy.
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Figure 5.1: Two-avor entropy (a) and pressure (b) for HTL (long-dashed lines)
and NLA quasipartile models (full lines for cΛ = 1, dotted lines for cΛ = 2,
1
2
),
where the renormalization sale has been taken to be µ¯ = 4πT and µ¯ = πT ,
respetively. Also shown are Nf = 2 lattie results from Refs. [18℄ (triangles) and
[19℄ (boxes), respetively.
The pressure of the respetive models is then given by Eq.(3.9), where B0 is
xed in suh a way that the pressure at T = Tc is equal to the pressure of a free
gas of 3 massless avors of pions,
p(Tc, 0)/T
4
c =
π2
30
≃ 0.329. (5.1)
This ompletes the setup of the model. The resulting pressure at µ = 0 as a
funtion of the temperature is shown in Fig. 5.1b; although the model pressure is
not as lose to the lattie data as in the previous hapters where a phenomeno-
logial t of the oupling was used, it is still remarkable that the resulting band
turns out to over the lattie results and not muh more while the lattie input
has been minimized to one number.
5.2 Results
The harateristi urves again take shapes resembling ellipses as was the ase
in the previous hapters. Calulating the quark-number suseptibilities one nds
the results shown in Fig. 5.2. As an be seen, the agreement with lattie data
is still fairly good at high temperatures, whereas at temperatures omparable to
Tc the variations from varying µ¯ by a fator of 2 around 2πT get rather large.
Note however that the results from the NLA models for the suseptibilities learly
dier from those obtained originally by Blaizotet al. [100℄. The disrepany is
due to the fat that here the fermioni ontributions were divided into soft and
hard part similar to the gluoni ontributions while in the original referene the
fermions have been treated dierently. As a onsequene of treating the fermioni
setor as in Ref. [79℄, the NLA model suseptibilities for Nf = 2 lie only slightly
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Figure 5.2: Two-avor suseptibilities for HTL (long-dashed lines) and NLA
quasipartile models (full lines for cΛ = 1, dotted lines for cΛ = 4,
1
4
), where
the renormalization sale has been taken to be µ¯ = 4πT and µ¯ = πT , respe-
tively. Also shown are Nf = 2 lattie results from Ref. [85℄ (full triangles) and[40℄
(open boxes), respetively. The gray band orresponds to results from strit per-
turbation theory to order α3s lnα [86℄ (see text for details).
higher than the HTL results, as shown in Fig. 5.2. Therefore, the NLA results
are in good agreement with existing lattie data [85, 40℄ while the original NLO
results did not have any overlap with the data. I also show the results for the
quark-number suseptibilities from strit perturbation theory to order α3s lnαs by
Vuorinen [86, 87℄ in Fig. 5.2; the band shown orresponds to varying µ¯ = πT
to µ¯ = 4πT while the unknown α3s oeient is taken lose to zero [87℄.
When alulating the slope of the lines of onstant pressure one obtains
Tc
dT
dµ2
≃ −0.055/ − 0.065 for the HTL quasipartile model for µ¯ = πT (rst
value) and µ¯ = 4πT (seond value). The variations for the NLA model are
slightly larger sine one also has to onsider the variation in the oeient cΛ;
one nds Tc
dT
dµ2
≃ −0.052/− 0.065 for the NLA model when varying µ¯ as above
and cΛ by a fator of 2 around 1. Therefore, also the slopes of onstant pressure
turn out to be very similar to what was found in hapter 4, indiating that the
agreement between these results and lattie alulations for Nf = 2 is a quite
robust predition of the quasipartile models and in fat nearly independent of
the t data used in the previous hapters.
Extrapolating the Nf = 2 quasipartile results to the region of small temper-
atures one an alulate an estimate for the ritial density µ0 where p(0, µ0) = 0.
Again varying µ¯ one nds for the HTL model µ0 ≃ 3.49Tc and µ0 = 2.93Tc for
µ¯ = πT and µ¯ = 4πT , respetively. For the NLA model the results turn out to
be very similar, with the only dierene being that the upper predition of µ0 is
slightly inreased to µ0 ≃ 3.52Tc. Comparing these to the results from the tted
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Figure 5.3: Two-loop (a) and one loop (b) ts (full line) to the quasipartile
model oupling at T = 0 (points).
quasipartile models one nds that for µ¯ = πT the estimates for µ0 are notieably
higher in the models not tted to lattie data at µ = 0, while for larger values of
µ¯ the results beome very similar (i.e. for µ¯ = 4πT the HTL model result is only
about 2% lower than in hapter 4).
Finally, it is also interesting to investigate loser what form the oupling
onstant takes in the region T ≪ µ. For example, one an try to desribe
αs(T = 0, µ) by the standard two-loop result with µ¯ = yµ, where y is to be
determined by a least-square t. This approah turns out to be not too suessful,
as an be seen in the exemplary plot of Fig. 5.3a, where suh a t has been tried
on the HTL model result. Remarkably, the situation is very dierent when using
the one-loop form for the running oupling Eq.(1.4) instead of the two-loop result.
For the one-loop oupling, the ts with µ¯ = yµ typially look like the one shown
in Fig. 5.3b, both for the HTL model as well as for the NLA models. Moreover,
it turns out that the t onstant c is always proportional to the sale used at
µ = 0, i.e. when the renormalization sale was µ¯ = 4πT at µ = 0 the sale that
ts the oupling best at T = 0 is given by µ¯ ≃ 4πµ 0.37 while for an original sale
of µ¯ = πT one nds µ¯ ≃ πµ 0.33 at T = 0.
5.2.1 Notes on hanging Tc/Λ
MS
As stressed before, the above results depend only on one external parameter,
namely the value of Tc/Λ
MS
. It is therefore interesting to investigate how the
results derived above will hange when this parameter turns out to be smaller or
bigger than 0.49. To this eet it is suient to see that the running oupling
only depends on the sale through µ¯/Λ
MS
and aordingly
µ¯
Λ
MS
=
µ¯
Tc
Tc
Λ
MS
. (5.2)
Inreasing the value of Tc/Λ
MS
therefore amounts to inreasing the ratio renor-
malization sale over ritial temperature. As an eet, the entropy and the sus-
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eptibilities will rise, whereas the slopes of onstant pressure will beome more
negative. Finally, the estimate for the ritial density will also take smaller values.
5.3 Summary
In this hapter I investigated the results from various quasipartile models when
using only one number, namely the value of Tc/Λ
MS
as an input. It turns out that
the pressure and the quark number suseptibilities at µ = 0 are still desribed
fairly well. The results for the slopes of onstant pressure are lose to what has
been found in the previous hapters as long as µ¯ is not muh smaller than 2πT ,
as is the ase for the estimates of the ritial density at T = 0. Furthermore, it
turns out that the resulting oupling at T = 0 an be very well desribed by the
standard one-loop running oupling. I onlude by pointing out how the results
derived in this hapter have to be modied when Tc/Λ
MS
hanges from the value
adopted here.
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Chapter 6
The anisotropi quark-gluon plasma
In the previous hapters I have limited myself to the onsideration of isotropi
systems. However, as pointed out in the introdution, the only system above
the deonnement transition one an (probably) study on earth, namely that of
a reball following an ultrarelativisti heavy-ion ollision, is rather anisotropi
in nature. Therefore, it is interesting to investigate whih eets the presene
of an anisotropy has on the dynamis of the system and whih dierenes one
an expet when omparing to the usually studied isotropi ase. Note that I
will onsider only systems whih are anisotropi in momentum spae, therefore
taking a snapshot of the system at some short time after the ollision and before
the system had time to onvert the anisotropy from momentum spae to ong-
uration spae. Although eventually one would require a full treatment inluding
anisotropies in onguration spae, I will show that one an learn a lot about
anisotropi systems by onsidering momentum anisotropies alone; moreover, a
treatment of onguration spae anisotropies would involve a full non-equilibrium
quantum eld theoretial desription of the system, whih despite reent progress
is not available yet.
In this hapter, I will therefore analyze the olletive modes of high-temperature
QCD in the ase when there is an anisotropy in the momentum-spae distri-
bution funtion. I will present results (published in Ref. [101℄) for a lass of
anisotropi distribution funtions whih an be obtained by strething or squeez-
ing an isotropi distribution funtion along one diretion, thereby preserving a
ylindrial symmetry in momentum spae.
6.1 Gluon self-energy in an anisotropi system
Generalizing the lassiation of quasipartiles in an isotropi quark-gluon plasma
in hapter 2 one rst derives the HTL resummed gluon self-energy in an anisotropi
system within semi-lassial transport theory [58, 59, 60℄, whih has been shown
to be equivalent to the HTL diagrammati approah [102℄. Within semi-lassial
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transport theory partons are desribed by their phase-spae densities and their
time evolution is given by Vlasov-type transport equations [103, 104℄. Conen-
trating on the physis at the soft sale, k ∼ α1/2s T ≪ T , the magnitude of the eld
utuations at this sale is A ∼ α1/4s T and derivatives are of the sale ∂x ∼ α1/2s T .
With this power-ounting a systemati trunation of the terms ontributing to
the transport equations for soft momenta an be realized.
At leading order in the oupling onstant the olor urrent Jµ indued by a soft
gauge eld Aµ with four-momentum K = (ω,k) an be obtained by performing a
ovariant gradient expansion of the quark and gluon Wigner funtions in mean-
eld approximation. The result is
Jµ,aind (X) = (4παs)
1/2
∫
d3p
(2π)3
V µ(2Nδna(p,X) +Nf (δf
a
+(p,X)− δfa−(p,X)) ,
(6.1)
where V µ = (1,k/ω) is the veloity of the hard plasma onstituents, δna(p,X)
is the utuating part of the gluon density, and δfa+(p,X) and δf
a
−(p,X) are the
utuating parts of the quark and anti-quark densities, respetively. Note that
δna transforms as a vetor in the adjoint representation (δn ≡ δnaT a) and δfa±
transforms as a vetor in the fundamental representation (δf± ≡ δfa±ta).
Negleting the ollision terms whih only enter at subleading order, the quark
and gluon density matries above satisfy the following transport equations:
[V ·DX , δf±(p,X)] = ∓(4παs)1/2VµF µν(p,X)∂νf±(p) , (6.2)
[V ·DX , δn(p,X)] = −(4παs)1/2VµF µν(p,X)∂νn(p) , (6.3)
where DX = ∂X+ i(4παs)
1/2A(X) is the ovariant derivative and n(p) and f±(p)
are the initial anisotropi gluon and quark distribution funtions (whih in the
isotropi limit would orrespond to the Bose-Einstein and Fermi-Dira distribu-
tion funtions, respetively).
Solving the transport equations (6.2) and (6.3) for the utuations δn and
δf± gives the indued urrent via Eq.(6.1),
Jµind(X) = 4παs
∫
d3p
(2π)3
V µV α∂β(p)h(p)
×
∫
dτ U(X,X − V τ)Fαβ(X − V τ)U(X − V τ,X) , (6.4)
where U(X, Y ) is a gauge parallel transporter dened by the path-ordered integral
U(X, Y ) = P exp
[
−i(4παs)1/2
∫ Y
X
dZµA
µ(Z)
]
, (6.5)
Fαβ = ∂αAβ − ∂βAα − i(4παs)1/2[Aµ, Aν ] is the gluon eld strength tensor, and
h(p) = 2Nn(p) +Nf(f+(p) + f−(p)) (6.6)
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is a partiular ombination of the gluon and quark distribution funtions. Ne-
gleting terms of subleading order in αs (implying U → 1 and Fαβ → ∂αAβ −
∂βAα) and performing a Fourier transform of the indued urrent to momentum
spae one obtains
Jµind(K) = 4παs
∫
d3p
(2π)3
V µ∂β(p)h(p)
(
gγβ − VγKβ
K · V + iǫ
)
Aγ(K) , (6.7)
where ǫ is a small parameter that has to be sent to zero in the end.
From this expression of the indued urrent the self-energy is obtained through
the relation
Πµν(K) =
δJµind(K)
δAν(K)
, (6.8)
whih gives the gluon self-energy of an anisotropi system,
Πµν(K) = 4παs
∫
d3p
(2π)3
Vµ∂
β
(p)h(p)
(
gνβ − VνKβ
K · V + iǫ
)
. (6.9)
Note that this result an also be obtained using diagrammati methods if one
assumes that the distribution funtion is symmetri under p → −p [102℄. Fur-
thermore, in the isotropi limit h(p)→ hiso(p), one reovers the well-known HTL
gluon self-energy from Eq.(6.9).
After a little bit of algebra one nds that this tensor is symmetri, Πµν(K) =
Πνµ(K), and transverse, KµΠµν(K) = 0, if the distribution funtion vanishes on
a two-sphere at innity, limp→∞ h(p) = 0, sine e.g.
KµΠµ0 = −4παskj
∫
d3p
(2π)3
∂jh(p). (6.10)
Therefore, only the spatial omponents of the self-energy are needed for the dis-
persion relations of the quasi-gluons, whih an be shown as follows: in the linear
approximation the equations of motion for the gauge elds an be obtained by
expressing the indued urrent in terms of the self-energy
Jµind(K) = Π
µν(K)Aν(K) , (6.11)
and plugging this into Maxwell's equations
−iKµF µν(K) = Jνind(K) + Jνext(K) , (6.12)
to obtain
[K2gµν −KµKν +Πµν(K)]Aν(K) = −Jνext(K) , (6.13)
where Jνext is an external urrent. Using the gauge ovariane of the self-energy
in the HTL-approximation one an write this in terms of a physial eletri eld
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by speifying a partiular gauge. Using the temporal axial gauge (A0 = 0) whih
has already been used in the isotropi ase in hapter 2 one obtains
[(k2 − ω2)δij − kikj +Πij(K)]Ej(K) = (∆−1(K))ijEj(K) = iω J iext(K) . (6.14)
Inverting the propagator allows one to determine the response of the system to
the external soure
Ei(K) = iω∆ij(K)J jext(K) . (6.15)
The dispersion relations for the olletive modes an then be obtained as in
hapter 2, by nding the poles of the propagator ∆ij(K).
6.1.1 Tensor deomposition
Sine an anisotropi system possesses a preferred spatial diretion
1
, the gluon
propagator annot simply be deomposed into a transversal and longitudinal
part as was the ase for the isotropi system treated in hapter 2; therefore one
needs to onstrut a new tensor basis.
As mentioned above, the gluon self-energy is symmetri and transverse; as
a result not all omponents of Πµν are independent and one an restrit the
onsiderations to the spatial part of Πµν , denoted Πij . One therefore needs to
onstrut a basis for a symmetri 3-tensor that  apart from the momentum ki
 also depends on a xed anisotropy three-vetor nˆi, with nˆ2 = 1. Following
Ref. [66℄ one rst denes the projetion operator
Aij = δij − kikj/k2, (6.16)
and uses it to onstrut n˜i = Aijnˆj whih obeys n˜ · k = 0. With this one an
onstrut the remaining three symmetri 3-tensors
Bij = kikj/k2 (6.17)
C ij = n˜in˜j/n˜2 (6.18)
Dij = kin˜j + kjn˜i. (6.19)
The basis spanned by the four tensors A,B,C, and D therefore allows one to
deompose any symmetri 3-tensor T into
T = aA+ bB+ cC+ dD ; (6.20)
furthermore, the inverse of any suh tensor is then given as
T−1 = a−1A+
(a+ c)B− a−1(bc− n˜2k2d2)C− dD
b(a+ c)− n˜2k2d2 , (6.21)
1
If I were to onsider a system where also the ylindrial symmetry is lost there would be
two preferred spatial diretions and the tensor basis for this system would aordingly be more
ompliated, but still an be onstruted by the method proposed here.
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as a short amount of algebra reveals. With the above tensor deomposition one
is now able to deompose the propagator into modes similar to what is done in
the isotropi ase. For this, one rst needs to deompose the self-energy into
self-energy struture funtions, whih are the equivalents of the transversal and
longitudinal parts of the self-energy in the isotropi ase.
6.1.2 Self-energy struture funtions
From Eq.(6.9) the spatial part of the general gluon self-energy tensor is found to
be
Πij(K) = −4παs
∫
d3p
(2π)3
vi∂lh(p)
(
δjl +
vjkl
K · V + iǫ
)
. (6.22)
Sine the ollision term was set to zero, the distribution funtion h(p) is om-
pletely arbitrary at this point, so in order to proeed one needs to assume a
spei form for the distribution funtion. In what follows I will require that
h(p) an be obtained from an (arbitrary) isotropi distribution funtion by the
resaling of one diretion in momentum spae,
h(p) = hξ(p) = N(ξ) hiso
(√
p2 + ξ(p · nˆ)2
)
, (6.23)
where nˆ is the diretion of the anisotropy, ξ > −1 is a parameter reeting the
strength of the anisotropy and N(ξ) is a normalization onstant2. Note that
ξ > 0 orresponds to a ontration of the distribution in the nˆ diretion (shown
in Fig. 6.1) whereas −1 < ξ < 0 orresponds to a strething of the distribution
in the nˆ diretion.
The normalization onstant N(ξ) has been introdued to preserve the relation
d3n
d k3
= h(p) (6.24)
between number density n and the momentum-spae distribution funtion also
in the ase where the latter is anisotropi. N(ξ) is then simply determined by
requiring n to be the same both for isotropi and anisotropi systems,∫
d3p
(2π)3
hiso(p) =
∫
d3p
(2π)3
hξ(p) = N(ξ)
∫
d3p
(2π)3
hiso
(√
p2 + ξ(p · nˆ)2
)
(6.25)
and an be evaluated to be
N(ξ) =
√
1 + ξ (6.26)
2
In the original referene [101℄ this normalization onstant has been set to one sine it does
not aet the olletive modes qualitatively. However, the orret value has to be used in
order to make quantitative preditions of physial observables (e.g. applying the results of this
hapter to the alulation of the heavy quark energy loss in hapter 7).
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Figure 6.1: Contour plot of an anisotropi version Eq.(6.23) of the Fermi-Dira
distribution funtion with positive anisotropy parameter. The anisotropy vetor
is taken to be along the pz-diretion.
by performing a hange of variables to p˜
p˜2 = p2
(
1 + ξ(v · nˆ)2) . (6.27)
The same hange of variables then also allows one to simplify (6.22) sine then
it is possible to integrate out the |p˜|-dependene, giving
Πij(K) = m2D
√
1 + ξ
∫
dΩ
4π
vi
vl + ξ(v.nˆ)nl
(1 + ξ(v.nˆ)2)2
(
δjl +
vjkl
K · V + iǫ
)
, (6.28)
where
m2D = −
2αs
π
∫ ∞
0
dp p2
dhiso(p
2)
dp
, (6.29)
whih orresponds to Eq.(2.4). Using the tensor basis from above, one an then
deompose the self-energy into four struture funtions
Πij = αAij + βBij + γC ij + δDij , (6.30)
whih are determined by taking the ontrations
kiΠijkj = k2β ,
n˜iΠijkj = n˜2k2δ ,
n˜iΠijn˜j = n˜2(α + γ) ,
TrΠij = 2α+ β + γ . (6.31)
Sine the form of the struture funtions is somewhat unwieldy, the integral
expressions following from Eq.(6.31) have been relegated to appendix C.
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Figure 6.2: Real and imaginary parts of α/m2D as a funtion of real ω/k (a) and
(b) the real part of α/m2D for ω/k = iΓ/k with θn = π/4 and ξ = {0, 1, 10} (full
line, dotted line and dashed line, respetively) in both ases.
6.1.3 Evaluation of the struture funtions
The four struture funtions α, β, γ, δ depend on the Debye mass mD, the fre-
queny and spatial momentum ω and k, the strength of the anisotropy ξ and the
angle between the spatial momentum and the anisotropy diretion kˆ · nˆ = cos θn.
For symmetry reasons one an restrit 0 < θn <
π
2
in the following. In the
isotropi limit (ξ → 0) the struture funtions α and β redue to the isotropi
HTL self-energies and γ and δ vanish,
α(K, 0) = ΠT (K) ,
β(K, 0) = −ω
2
k2
ΠL(K) ,
γ(K, 0) = 0 ,
δ(K, 0) = 0 , (6.32)
where ΠT (K) and ΠL(k) are given by Eq.(2.3). Note that for nite ξ the analyti
struture of α, β, γ, δ is the same as for ΠL,ΠT in the isotropi ase, namely there
is a ut in the omplex ω plane whih an be hosen to run along the real ω axis
from −k < ω < k. For real-valued ω the struture funtions are omplex for all
ω < k (orresponding to the Landau damping regime of hapter 2) and real for
ω > k while for imaginary-valued ω all four struture funtions are real-valued.
As an example, a plot of the struture funtion α for real and imaginary values
of ω, ξ = {0, 1, 10}, and θn = π/4 is shown in Fig. 6.2.
Using these struture funtions it is then possible to write the inverse propa-
gator ∆−1(K) in terms of the above tensor basis
∆−1(K) = (k2 − ω2 + α)A+ (β − ω2)B+ γC+ δD . (6.33)
Applying the inversion formula (6.21) one obtains a deomposition for the gluon
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propagator into modes
∆(K) = ∆AA+(k
2−ω2+α+ γ)∆GB+ [(β−ω2)∆G−∆A]C− δ∆GD , (6.34)
where
∆−1A (K) = k
2 − ω2 + α , (6.35)
∆−1G (K) = (k
2 − ω2 + α + γ)(β − ω2)− k2n˜2δ2 . (6.36)
In the following it is onvenient to use the form
∆(K) = ∆A [A−C] + ∆G [(k2 − ω2 + α+ γ)B+ (β − ω2)C− δD] , (6.37)
so that the poles of the propagator orrespond to the poles of ∆A and ∆G,
respetively.
6.1.4 The quark propagator in an anisotropi system
Using the equivalene of semi-lassial kineti theory and the HTL diagrammati
approah one an derive the quark propagator in an anisotropi system similar
to the gluon propagator above. However, unlike the gluon propagator the quark
propagator in an anisotropi system an be shown to behave very similar to its
isotropi ounterpart [105℄. Consequently, the quark olletive modes will look
very similar to those derived in hapter 2 and therefore the quark propagator in
an anisotropi system will not be treated here expliitly.
6.2 Colletive modes of an anisotropi quark-gluon
plasma
The dispersion relations for the gluoni modes in an anisotropi quark-gluon
plasma are determined by setting ∆−1A = 0 and ∆
−1
G = 0 and then solving these
equations using Eqs.(6.35,6.36). A subsequent omparison to the results of hap-
ter 2 will show the qualitative dierenes with respet to the isotropi ase.
6.2.1 Stati limit
As a rst test of how the momentum-spae anisotropy in the distribution funtions
aets the properties of the system one an onsider the response of the system
to stati eletri and magneti utuations. For this test, one needs to examine
the limit ω → 0 of the propagators (6.35) and (6.36): approahing along the real
ω axis one nds that to leading order α ∼ γ ∼ O(ω0), β ∼ O(ω2), and δ ∼ O(iω);
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therefore, one an dene the four mass sales
m2α = lim
ω→0
α ,
m2β = lim
ω→0
−k
2
ω2
β ,
m2γ = lim
ω→0
γ ,
m2δ = lim
ω→0
n˜k2
ω
Im δ , (6.38)
whih will be used in the following. The stati limit of the propagators ∆A
Eq.(6.35) and ∆G Eq.(6.36) in terms of these masses is then given by the expres-
sions
∆−1A = k
2 +m2α (6.39)
∆−1G = −
ω2
k2
[
(k2 +m2α +m
2
γ)(k
2 +m2β)−m4δ
]
. (6.40)
Furthermore, ∆−1G an be fatorized into
∆−1G = −
ω2
k2
(k2 +m2+)(k
2 +m2−) , (6.41)
where
2m2± =M2 ±
√
M4 − 4(m2β(m2α +m2γ)−m4δ) , (6.42)
and
M2 = m2α +m2β +m2γ . (6.43)
In the isotropi limit ξ → 0, most of the mass parameters vanish, m2α = m2γ =
m2δ = m
2
− → 0, while m2+ beomes equal to the Debye mass squared, m2+ → m2D,
so that one reovers the results obtained in hapter 2. For nite ξ it is possible
to evaluate all four masses dened above analytially (the results for mα and mβ
are listed in Appendix C), but sine the resulting expressions are quite unwieldy
it is more straightforward to use a numerial evaluation. As an example, the
angular dependene of m2α, m
2
+, and m
2
− at xed ξ = 10 and ξ = −0.9 is plotted
in Fig. 6.3. In the ase ξ > 0 (Fig. 6.3a), one an see that the sale m2+ is bigger
than m2D for small θn while being smaller than m
2
D for θn near π/2; indeed one
nds that this orresponds to the sreening of eletrostati modes in the isotropi
limit, the only dierene being an angular dependene of the sreening length for
nonzero ξ.
Non-vanishing sales m2α and m
2
−, however, should naively orrespond to a
sreening of magnetostati modes, whih is absent in isotropi systems. Indeed,
the fat that anisotropi systems allow for non-vanishing magnetostati sreening
masses was already found by Cooper et al. [106℄; however, Cooper et al.
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Figure 6.3: Angular dependene of m2α, m
2
+, and m
2
− (dotted line, full line and
dashed line, respetively) at xed (a) ξ = 10 and (b) ξ = −0.9.
negleted to onsider the fat that the resulting mass squares might be negative
(as is the ase for small θn in Fig. 6.3a) and would therefore not orrespond to a
sreening of the magneti interation.
More preisely, the fat that these quantities are negative indiates that for
ξ > 0 the system possesses an instability to transverse and mixed external
perturbations assoiated with m2α and m
2
−, respetively, as has now been veri-
ed by Birse et al. [107℄ and disussed in a more general ontext by Arnold,
Lenaghan and Moore [64℄. As an be seen in Fig. 6.3a the transverse insta-
bility is present for any θn 6= π/2 while the mixed instability is only present for
θn < θ
mixed
c with θ
mixed
c depending on the value of ξ.
For the ase ξ < 0, whih is shown in Fig. 6.3b, the θn-dependene of the
sales m2+ and m
2
− is exatly reversed with respet to the ase ξ > 0, as one
would expet naively from Eq.(6.23). The sale m2α, however, whih was stritly
negative for ξ > 0, now turns out to be stritly positive in the ase of ξ < 0, so
the transverse instability vanishes in the ase of ξ < 0. For θn & π/4 the mixed
instability is still present, sine the sale m2− is again negative.
The role of these unstable modes will be treated later on in more detail.
6.2.2 Stable modes
In the non-stati ase, a fatorization of ∆−1G similar to Eq.(6.41) an be ahieved,
whih allows the determination of the dispersion relations for all of the olletive
modes in the system.
Considering rst the stable olletive modes whih orrespond to poles of the
propagator at real-valued ω > k one fatorizes ∆−1G as
∆−1G = (ω
2 − Ω2+)(ω2 − Ω2−) , (6.44)
where
2Ω2± = Ω¯
2 ±
√
Ω¯4 − 4((α + γ + k2)β − k2n˜2δ2) , (6.45)
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Figure 6.4: Angular dependene of Eα (dotted line), E+ (full line), and E−
(dashed line) for ξ = 10, and θn = {0, π/4, π/2} (plots (a), (b) and (), respe-
tively).
and
Ω¯2 = α+ β + γ + k2 . (6.46)
Sine the quantity under the square root in (6.45) an be written as (α−β+ γ+
k2)2 + 4k2n˜2δ2 (whih is always positive for real ω > k), there are at most two
stable modes oming from ∆G, while the remaining stable olletive mode omes
from the zero of ∆−1A .
The dispersion relations for all of the olletive modes are then given by the
solutions to
E2± = Ω
2
±(E±) , (6.47)
E2α = k
2 + α(Eα) . (6.48)
In the isotropi limit (6.32) one nds the orrespondene Eα = E+ = ET and
E− = EL. Aordingly, for nite ξ, there are three stable quasipartile modes
with dispersion relations that depend on the angle of propagation with respet to
the anisotropy vetor, θn. The resulting dispersion relations for all three modes
for the ase ξ = 10, and θn = {0, π/4, π/2} are plotted in Fig. 6.4.
6.2.3 Unstable modes
For non-zero ξ the propagator also has poles along the imaginary ω axis3, that
orrespond to exponentially growing or deaying eld amplitudes, depending on
the sign of the imaginary part. The exponentially growing solutions orrespond
to the unstable modes of the system with ω → iΓ and Γ the real-valued solution
3
Cheking for poles at omplex ω an be done numerially but no poles on the physial sheet
have been found; indeed, for ertain speial ases one an prove that there are no other modes
than the ones listed above [108℄. However, there exist solutions on the unphysial sheet whih
ome very lose to the border of the physial sheet for suiently large values of the anisotropy
parameter ξ (see Ref.[108℄).
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Figure 6.5: Γα(k) (dotted line) and Γ−(k) as a funtion of k with (a) ξ = 10 and
θn = π/8 and (b) ξ = −0.9 and θn = π/2.
to the equations
∆−1G = (Γ
2 + Ω2+)(Γ
2 + Ω2−) = 0 ,
∆−1A = (Γ
2 + k2 + α) = 0. (6.49)
It turns out that in ontrast to the stable modes there is at most one solution
for ∆−1G (ω = iΓ) = 0 sine numerially one nds that Ω
2
+ > 0 for all Γ > 0, while
∆−1A (ω = iΓ) = 0 has only solutions for ξ > 0. Therefore, the system possesses
one or two unstable modes depending on the sign of the anisotropy parameter.
In Fig. 6.5a a plot of the growth rates Γα(k) and Γ−(k) with ξ = 10 and
θn = π/8 is shown, reeting the presene of two unstable modes; in Fig. 6.5b
Γ−(k) is shown for ξ = −0.9 and θn = π/2.
6.3 Small ξ limit
In the small-ξ limit it is possible to obtain analyti expressions for all of the
struture funtions order-by-order in ξ, whih provide a well-dened test ase to
the otherwise numerially onduted analysis. To linear order in ξ one nds
α = ΠT (z) + ξ
[
z2
12
(3 + 5 cos 2θn)m
2
D −
1
6
(1 + cos 2θn)m
2
D
+
1
4
ΠT (z)
(
(3 + 3 cos 2θn)− z2(3 + 5 cos 2θn)
) ]
,
z−2β = −ΠL(z) + ξ
[
1
6
(1 + 3 cos 2θn)m
2
D −
ΠL(z)
2
(
cos 2θn(2− 3z2) + 1− z2
)]
,
γ =
ξ
3
(3ΠT (z)−m2D)(z2 − 1) sin2 θn ,
δ =
ξ
3k
(4z2m2D + 3ΠT (z)(1− 4z2)) cos θn , (6.50)
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where z = ω/k and again kˆ · nˆ = cos θn.
6.3.1 Stati Limit
Using the linear expansions from above and the well-known stati limits ΠL →
m2D and ΠT → −iπω/(4k) one obtains analyti expressions for the mass sales
(6.38),
mˆ2α = −
ξ
6
(1 + cos 2θn) ,
mˆ2β = 1 +
ξ
6
(3 cos 2θn + 2) ,
mˆ2γ =
ξ
3
sin2 θn ,
mˆ2δ = −ξ
π
4
sin θn cos θn , (6.51)
where mˆ2 = m2/m2D. Using these one obtains expansions to linear order in ξ for
m2± dened in (6.42)
mˆ2+ = 1 +
ξ
6
(3 cos 2θn + 2) ,
mˆ2− = −
ξ
3
cos 2θn . (6.52)
Clearly, the mass sales in the small-ξ limit have the same qualitative behavior
as their exat ounterparts, as one an see by omparing the above expressions
to Fig. 6.3. Therefore, one gains ondene that the small-ξ limit onserves the
basi features of the full anisotropi problem while having the advantage of being
analytially tratable.
6.3.2 Colletive modes
The olletive modes in the small-ξ limit are most easily found by an expansion
of Eq.(6.34),
∆−1A = k
2 − ω2 + α = 0
∆−1G = (k
2 − ω2 + α+ γ)(β − ω2) = 0 , (6.53)
where α, β, and γ are given by (6.50) and δ2 an be ignored in the expansion
sine it is of order O(ξ2). Solving the above equations one nds that again both
the stable and unstable modes in the small-ξ limit orrespond qualitatively to
the full problem. Note that there is again only one unstable mode oming from
∆−1G sine β(iΓ) > 0 for all Γ > 0.
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6.4 Large ξ limit
Another ase where one is able to alulate analyti results for the struture
funtions is the limit ξ → ∞. By onsidering the ation of the distribution
Eq.(6.23) on some smooth test funtion Φ(p),
̥ = lim
ξ→∞
∫
d3p
(2π)3
hξ(p)Φ(p) (6.54)
and hoosing p · nˆ to be parallel to the pz-axis one an resale cos θ → cos θ√ξ so
that the limit ξ →∞ an be performed,
̥ =
∫
p2dpdφ
(2π)3
∫ ∞
−∞
d cos θ hiso
(
p
√
1 + cos2 θ
)
Φ

 p cosφp sinφ
0

 . (6.55)
This means that in the limit ξ →∞ Eq.(6.23) takes the form
lim
ξ→∞
hξ(p)→ δ(pˆ · nˆ)
∫ ∞
−∞
dx hiso
(
p
√
1 + x2
)
, (6.56)
whih orresponds to the extreme anisotropi ase onsidered by Arnold, Lenaghan
and Moore [64℄. As a onsequene, one an make use of this form by partially
integrating Eq.(6.22)
Πij(K) = 4παs
∫
d3p
(2π)3
hξ(p)
p
[
δij − k
ivj + kjvi
−K · V − iǫ +
(−ω2 + k2)vivj
(−K · V − iǫ)2
]
(6.57)
and applying the tehniques from Ref. [64℄ to obtain analyti expressions for the
struture funtions in the large ξ limit. Using
lim
ξ→∞
4παs
∫
d3p
(2π)3
hξ(p)
p
= m2D
π
4
(6.58)
one immediately nds
Πij(K) =
m2Dπ
4
∫ 2π
0
dφ
2π
[
δij − k
ivj + kjvi
−K · V − iǫ +
(−ω2 + k2)vivj
(−K · V − iǫ)2
]
. (6.59)
The remaining average over angles an easily be done, obtaining the struture
funtions through the ontrations Eq.(6.31), giving
α =
m2Dπ
4
[
−cot2θn + ωˆ
sin2 θn
(
ωˆ +
1− ωˆ2√
ωˆ + sin θn
√
ωˆ − sin θn
)]
β =
m2Dπ
4
ωˆ2
[
−1 + ωˆ ωˆ
2 + cos 2θn
(ωˆ + sin θn)3/2(ωˆ − sin θn)3/2
]
γ =
m2Dπ
4
1− ωˆ2
4 sin2 θn
[
6 + 2 cos 2θn + ωˆ
3− 6ωˆ2 − 2(1 + ωˆ2) cos 2θn − cos 4θn
(ωˆ + sin θn)3/2(ωˆ − sin θn)3/2
]
δ =
m2Dπ
4k
cos θn
sin2 θn
ωˆ
[
ωˆ +
−(1 − ωˆ2)2 + (1− 2ωˆ2) cos2 θn
(ωˆ + sin θn)3/2(ωˆ − sin θn)3/2
]
. (6.60)
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Figure 6.6: Angular dependene of the mass-sales m2α, m
2
+, m
2
− (dotted line, full
line and dashed line, respetively) in ξ →∞ limit.
It is then straightforward to extrat the stati limit of these struture funtions,
giving the mass sales m2α, m
2
+, m
2
− in the large-ξ limit. The result is plotted in
Fig. 6.6 as a funtion of the angle θn. As an be seen, the mass sales diverge
at θn = 0, whereas m
2
− and m
2
+ oinidene at θn = π/2 and m
2
α vanishes. Also,
one reovers the results from Arnold, Lenaghan and Moore [64℄ that the
sale m2− is only negative for sin θn < 1/
√
2 (orresponding to the presene of the
eletri instability in this referene) and the various growth rates of the unstable
modes. Finally, one an show that the expressions of the struture funtions for
general ξ onverge towards the above analyti results when ξ beomes large.
6.5 ξ → −1 limit
To get some insight in the ase of ξ → −1 where the distribution funtion
Eq.(6.23) beomes extremely elongated one an again onsider its ation on a
test funtion Φ(p),
̥ = lim
ξ→−1
∫
d3p
(2π)3
hξ(p)Φ(p). (6.61)
Performing a simple saling pz → pz√1+ξ one obtains the interesting result
̥ = lim
ξ→−1
∫
d2p⊥dφ
(2π)3
∫ ∞
−∞
dpz hiso
(√
p2⊥ + p
2
z
)
Φ
(
p⊥
pz√
1+ξ
)
(6.62)
indiating that the argument of the test funtion Φ is pushed to very large values,
where Φ is usually taken to be vanishing. However, one an get a bit more insight
by ompatifying momentum spae to a sphere and onsidering the oordinate
map
p→ p
′
p′ 2
, (6.63)
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with the volume element transforming to
d3p→ d
3p′
p′ 6
. (6.64)
One then onsiders the ation of the distribution funtion on a test funtion Φ′
in the primed oordinate system,
̥ = lim
ξ→−1
N(ξ)
∫
d3p′
(2π)3
1
p′ 6
hiso
(√
p′2 + ξ(p′ · nˆ)2
p′2
)
Φ′(p′). (6.65)
Taking again pˆ′ · nˆ = cos θ′ one sales
p′ → p′
√
1 + ξ cos2 θ′ (6.66)
to obtain
̥ = lim
ξ→−1
∫
d3p′
(2π)3
1
p′ 6
N(ξ)
(1 + ξ cos2 θ′)3/2
hiso
(
1
p′
)
Φ′(p′
√
1 + ξ cos2 θ′). (6.67)
Sine the isotropi distribution funtion onsisting of Bose-Einstein and Fermi-
Dira statistial fators lifts the possible singularity at p′ = 0, the only danger-
ous term in the integrand is 1 + ξ cos2 θ whih beomes zero for ξ → −1 and
small angles θ′. Substituting therefore cos2 θ = 1− (1 + ξ)χ one an perform the
limit ξ → −1, obtaining
̥ =
∫
dp′dφdχ
(2π)3
1
p′ 4
1
(1 + χ)3/2
hiso
(
1
p′
)
Φ′(0) = 4πΦ′(0)
∫ ∞
0
dp p2hiso(p).
(6.68)
Therefore, in the limit ξ → −1, Eq.(6.23) simply is given by
lim
ξ→−1
hξ(p)d
3p→ δ3(p′)d3p′4π
∫ ∞
0
dp p2hiso(p), (6.69)
whih upon insertion into Eq.(6.57) shows that in this limit the self-energy and
onsequently all struture funtions vanish. Therefore, the limit ξ → −1 un-
fortunately does not orrespond to the interesting physial situation of a line
momentum distribution but rather to the free limit.
6.6 Disussion of instabilities
The existene of unstable modes in an anisotropi quark-gluon plasma (rst stud-
ied by Mrówzy«ski in a series of papers [58, 59, 60℄) may play an important
role in the dynamial evolution of the quark-gluon plasma, sine their exponential
growth an lead to a more rapid thermalization and isotropization of the plasma.
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Reently, Mrówzy«ski and Randrup [63℄ have performed a phenomenolog-
ial estimate of the growth rate of the instabilities for senarios relevant to the
quark-gluon plasma produed at RHIC or LHC, using however a dierent im-
plementation of the anisotropy than Eq.(6.23). They found that the degree of
ampliation of the instabilities is not expeted to dominate the dynamis of the
quark-gluon plasma, but instead their eet would be omparable to the ontri-
bution from elasti Boltzmann ollisions. However, they also pointed out that
if a large number of unstable modes would be exited then their ombined ef-
fet on the overall dynamis ould well be signiant. More reently, Arnold,
Lenaghan and Moore [64℄ investigated the ase orresponding to the ξ →∞
limit from above, arguing that it drastially modies the senario of bottom-up
thermalization advoated by Baier, Mueller, Shiff and Son [53℄, whih
would then have to be replaed by a dierent sheme.
Furthermore, the presene of instabilities will in general prohibit the alu-
lation of physial quantities in a perturbative framework, sine they orrespond
to unregularized singularities of the propagator. This problem as well as speial
exeption to it will be disussed in more detail in hapter 7.
Beause of these ndings, it is probably fair to say that a more intensive
study of the instabilities of anisotropi systems and espeially their saturation
and eet on the thermalization will be of great interest in the near future.
6.7 Summary
In this hapter I alulated the gluon self-energy in a system that has an anisotropy
in momentum spae. I presented a tensor basis that an be used to write the
gluon self-energy as the sum of four struture funtions and showed that in the
isotropi limit two of these struture funtions vanish while the others orrespond
to the longitudinal and transversal part of the self-energy of hapter 2. Consid-
ering the stati limit of the self-energy it was found that for anisotropi systems
there is in general a non-vanishing magnetostati mass-sale, but sine the as-
soiated mass squared is negative, this orresponds to the existene of unstable
modes.
Furthermore, solving the dispersion relations three stable and either one or
two unstable modes were found, depending on whether the distribution funtion
is strethed or squeezed. I also onsidered the limit of weak anisotropies and two
ases where the anisotropy gets extremely strong, deriving analyti expressions
for the struture funtions whih serve as veriation of the general result and
provide the basis for further analyti studies. I onlude by reviewing the urrent
knowledge about the eets of the unstable modes on the thermalization of the
quark-gluon plasma produed in heavy-ion ollisions.
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Chapter 7
Energy loss of a heavy parton
In this hapter I will make use of the resummed self-energies derived for isotropi
and anisotropi systems obtained in hapters 2 and 6 to alulate the ollisional
energy loss of a heavy parton in a deonned QCD plasma. In the ontext of
heavy-ion ollisions, a theoretial understanding of the heavy parton energy loss
in a quark-gluon plasma is important for a proper omparison with experimental
results, e.g. for the inlusive eletron spetrum (measured reently at RHIC
[109℄) and for jet suppression rates. In the following I will fous on the ollisional
energy loss (for a review on the radiative energy loss see e.g. [110, 111℄) using the
tehnique of Braaten and Thoma [112, 113℄ whih gives the omplete leading-
order result for this quantity.
The main idea behind this tehnique is to onsider independently the ontri-
butions from soft (involving momenta q ∼ mD) and hard (q ∼ T ) gluon exhange,
whih are separated by some arbitrary momentum sale q∗ that uts o the UV
and IR divergenes of the soft/hard ontributions, respetively. Moreover, it was
found that in the weak-oupling limit αs ≪ 1 the ondition mD ≪ q∗ ≪ T ould
be used to expand the resulting integral expressions for the soft and hard ontri-
butions further, giving an analyti result for the energy loss independent of the
separation sale q∗. However, in the ase of QCD where the oupling beomes
quite large, this approah may give unphysial results for energy loss, as will be
shown later on.
It turns out that when not expanding the integral expressions with respet
to the ondition mD ≪ q∗ ≪ T , in the isotropi ase both the hard and soft
ontributions to the energy loss always stay positive, even for very large oupling,
as has been shown in QED [114℄. However, this omes at the expense of giving up
independene of the omplete result on the sale q∗, whih then has to be xed
somehow. Fortunately, it turns out that in the weak oupling limit the sale
dependene beomes very small, too, so that unless q∗ is taken to be very large
(q∗ ≫ T ) or very small (q∗ ≪ mD) one reovers the result found by Braaten and
Thoma. When the oupling is inreased one an then still x q∗ by the priniple
of minimal sensitivity, whih means that q∗ is hosen suh that the energy loss
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(and therefore also the variation with respet to q∗) is minimized. As will be
shown, this proedure eliminates the unphysial result of negative energy loss in
the isotropi ase and also provides an estimate on the theoretial unertainty of
the result by varying q∗ by a xed amount around the minimizing value.
Moreover, it will be shown that the tehnique by Braaten and Thoma
an also be applied to anisotropi systems. This is in fat non-trivial sine the
presene of plasma instabilities in general ould render the alulation of the
soft part divergent; however, the ollisional energy loss turns out to be proteted
by an interesting mehanism dubbed dynamial shielding [114℄, rendering the
alulation safe at least to leading order, as will be shown in the following.
7.1 Soft ontribution and eet of instabilities
The soft ontribution to the ollisional energy loss an be alulated using lassial
eld theory methods. Starting from the lassial expression for the parton energy
loss per unit of time given by
(
dW
dt
)
soft
= Re
∫
d3x Jaext(X) · Eaind(X) , (7.1)
where a is a olor index, X = (t,x), and Jext is the urrent indued by a test
parton propagating with veloity v:
Jaext(X) = Qavδ(3)(x− vt) ,
Jaext(Q) = (2π)Qavδ(ω − q · v) , (7.2)
with Q = (ω,q) and Qa being the olor harge. Using
Ei,aind(Q) = iω
(
∆ij(Q)−∆ij0 (Q)
)
J j,aext(Q) , (7.3)
where ∆ij0 denotes the free propagator, and Fourier transforming to oordinate
spae one obtains
Ei,aind(X) = iQa
∫
d3q
(2π)3
(q · v)(∆ij(Q)−∆ij0 (Q))vjei(q·x−(q·v)t) , (7.4)
where Q = (q ·v,q). Using the above equation one nds for the soft ontribution
Eq.(7.1) to the heavy parton energy-loss
−
(
dW
dt
)
soft
= Q2 Im
∫
d3q
(2π)3
(q · v)vi [∆ij(Q)−∆ij0 (Q)] vj . (7.5)
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7.1.1 Dynamial shielding of instabilities
In the ase of an anisotropi system unstable modes are present that manifest
themselves by poles of the propagator in the stati limit limω→0∆
−1
ij = 0, as has
been disussed in hapter 6. To simplify the argument, one an use the tensor
deomposition of the propagator in hapter 6 and onentrate on the poles of ∆A
given in Eq.(6.34) only, while the poles of ∆G an be treated in a similar way.
Shematially the soft ontribution to the energy loss Eq.(7.5) is then given as(
dW
dx
)
A, soft
∼ Im
∫
dΩ
∫
q dq
ωˆ
(q2 − q2ωˆ2 + α) . (7.6)
Sine the struture funtion α for ξ > 0 is negative-valued,
lim
ω→0
α(ω, q) =M2(−1 + iDωˆ) +O(ω2) , (7.7)
in the stati limit the integrand in Eq.(7.6) seems to ontain an unregulated
singularity at q = M , whih therefore renders the result divergent. Thus the
presene of instabilities in a system is believed to generially prohibit the al-
ulation of quantities in a perturbative framework sine those quantities will be
plagued by unregulated divergenies [115℄.
The shemati integrand for the energy loss in Eq.(7.6), however, turns out
to be shielded from this singularity, as an be seen by taking the limit
lim
ωˆ→0
lim
q→M
ωˆ
q2 − q2ωˆ2 +M2(−1 + iDωˆ) →
1
M2(ωˆ + iD)
→ − i
M2D
. (7.8)
This limit exists as long as the oeient D in Eq.(7.7) is non-vanishing, being
somewhat similar to dynamial sreening of the magneti setor of nite temper-
ature QCD. Therefore, the integral Eq.(7.6) may safely be performed, as long as
D 6= 0.
Proof of dynamial shielding I: small ξ
Sine dynamial shielding relies ruially on the fat that the imaginary part of
the struture funtion is of O(ω) when the real part is negative-valued, a simple
proof of this assumption valid for the weak-anisotropy or small-ξ regime will be
given here. For ∆A the proof is straightforward sine Im ∆
−1
A = Im α and from
Eqs.(6.50) one nds
lim
ωˆ→0
α = m2D
[
−ξ
6
(1 + cos 2θn)− iπ
4
ωˆ
(
1 +
3ξ
4
(1 + cos 2θn)
)]
. (7.9)
From this expression it is lear that the imaginary value annot hange sign for
any positive value of ξ, whereas for negative value of ξ, the stati limit of α is
72 CHAPTER 7. ENERGY LOSS OF A HEAVY PARTON
positive-valued, so no instability exists in ∆A. To prove that ∆G is also safe, one
rst uses its small-ξ deomposition Eq.(6.53) to see that only the α+ γ term an
beome negative-valued. Using one again the expressions in Eq.(6.50) one nds
after a little bit of algebra
lim
ωˆ→0
α+ γ = m2D
[
−ξ
6
(−2 + 4 cos2 θn)− iπ
4
ωˆ
(
1 +
ξ
4
(−4 + 10 cos2 θn)
)]
. (7.10)
For ξ > 0 the instability is present for cos2 θn >
1
2
, while the imaginary part
may hange its sign only for cos2 θn <
4
10
; for ξ < 0, the instability ours for
cos2 θn <
1
2
while even for the worst ase ξ = −1 the imaginary part an only
hange its sign for cos2 θn >
8
10
, so also the ∆G ontribution to the energy loss
is proteted by dynamial shielding. This ompletes the proof for the ase of
small ξ.
Proof of dynamial shielding II: large ξ
Also for very large ξ it an be shown analytially that the energy loss alulation
is proteted by dynamial shielding. Considering the ∆A ontribution rst one
an make use of the analyti expressions in Eq.(6.60) to nd
lim
ωˆ→0
α =
m2Dπ
4
[
−cot2θn − iωˆ
sin3 θn
]
, (7.11)
where again it an immediately be seen that the O(ω) ontribution to the imag-
inary part never vanishes. For ∆G it turns out that a fatorization similar to the
small-ξ ase is possible,
∆G(ωˆ, q) = ωˆ
2(q2 + q2+)(q
2 + q2−), (7.12)
where
q2+ =
m2Dπ
16 sin2 θn
[
2(1 + cos2 θn) + 2
√
cos4 θn + 4 cos2 θn
]
+O(ωˆ)
q2− =
m2Dπ
16 sin2 θn
[
4− 2 cos2 θn − 2
√
cos4 θn + 4 cos2 θn +
+
iωˆ
(4 + cos2 θn) sin θn
(
8 + 2 cos2 θn − 3
√
2
√
(8 + 2 cos2 θn) cos2 θn
)]
.(7.13)
As an be seen, q2+ > 0 in the whole region 0 < θn <
π
2
, so one an limit the on-
siderations to q2−. There a little bit of algebra shows that q
2
− < 0 for cos
2 θn >
1
2
,
while on the other hand the imaginary part hanges sign at cos2 θn =
1
2
, so all an-
gles θn 6= π4 are proteted through dynamial shielding, while for the angle θn = π4
the singularity at q = 0 of ∆G is rendered harmless by the volume element of the
integration. This ompletes the proof for the ase of large ξ.
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7.1.2 Appliation of dynamial shielding
Unfortunately a proof that shows that dynamial shielding protets the soft on-
tribution to the energy loss of naked singularities is rather diult for general
ξ. Numerial evidene however suggests that dynamial shielding also works
for general ξ, whih is not overed by the above proofs. Therefore, one an be
reasonably ondent that the singularities oming from the unstable modes are
rendered safe everywhere and one may proeed to evaluate the soft ontribution
to the energy loss.
Using the tensor basis derived in hapter 6 to invert the propagator in Eq.(7.5)
and taking the ontrations
viAijvj = v2 − (qˆ · v)2 ,
viBijvj = (qˆ · v)2 ,
viC ijvj = (n˜ · v)2/n˜2 ,
viDijvj = 2(q · v)(n˜ · v) , (7.14)
one obtains
−
(
dW
dx
)
soft
=
Q2
v
Im
∫
d3q
(2π)3
ω
(
∆A(Q)− 1
q2 − ω2
) [
v2 − ω
2
q2
− (n˜ · v)
2
n˜2
]
+ω∆G(Q)
[
ω2
q2
(q2 − ω2 + α+ γ) + (β − ω2)(n˜ · v)
2
n˜2
− 2δω(n˜ · v)
]
+
1
ω(q2 − ω2)
[
ω2
q2
(q2 − ω2)− ω2 (n˜ · v)
2
n˜2
]
, (7.15)
where dW/dx = v−1dW/dt and ω = q · v. After some algebrai transformations
involving saling out the momentum one obtains
−
(
dW
dx
)
soft
=
Q2
v
Im
∫
d3q
(2π)3
ωˆ
q(1− ωˆ2)
[ −α
(q2 − q2ωˆ2 + α)(v
2 − ωˆ2 − (n˜ · v)
2
n˜2
)
+
q2A+ B
q4C + q2D + E
]
, (7.16)
where
A = (1− ωˆ2)2β + ωˆ2 (n˜ · v)
2
n˜2
(α + γ)− 2ωˆ(1− ωˆ2)(n˜ · v)δˆ ,
B =
(
(α+ γ)β − n˜2δˆ2
)
(1− ωˆ2 − (n˜ · v)
2
n˜2
) ,
C = −ωˆ2(1− ωˆ2) ,
D = −ωˆ2(α + γ) + (1− ωˆ2)β
E = (α + γ)β − n˜2δˆ2 , (7.17)
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V
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θ
V
Figure 7.1: Sketh of the diretional dependene of the energy loss: nˆ is the
diretion of the anisotropy, v the veloity of the parton and θ the angle between
these.
with ωˆ = qˆ · v and δˆ = qδ. Sine all the momentum dependene has been made
expliit and possible singularities oming from the instabilities are known to be
shielded one an perform the q integration, obtaining
−
(
dW
dx
)
soft
=
Q2
v
Im
∫
dΩq
(2π)3
ωˆ
(1− ωˆ2)
[
−α(v
2 − ωˆ2 − (n˜·v)2
n˜2
)
2(1− ωˆ2) ln
q∗2(1− ωˆ2) + α
α
+F (q⋆)− F (0)
]
, (7.18)
where
F (q) =
A
4C ln
(−4C (Cq4 +Dq2 + E))+ AD − 2BC
4C√D2 − 4CE ln
√D2 − 4CE +D + 2Cq2√D2 − 4CE − D − 2Cq2 ,
(7.19)
and a UV momentum uto q∗ has been introdued on the q integration.
7.1.3 Behavior of the soft part
To get some idea on how the soft part behaves as a funtion of the parameters
it is useful to onsider one again the limit of small ξ in Eq.(7.18). It turns out
that in this limit one obtains
−
(
dW
dx
)
soft, small−ξ
=−
[(
dW
dx
)
soft,iso
+ ξ
((
dW
dx
)
soft,ξ1
+
(v · nˆ)2
v2
(
dW
dx
)
soft,ξ2
)]
,
(7.20)
with
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Figure 7.2: Soft ontribution to the
energy loss (full line) as a funtion of
q∗/mD for v = 0.5 ompared to the
Braaten-Thoma result (dashed line).
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Figure 7.3: The ontribution
− (dW/dx)soft,ξ2 as a funtion of
q∗/mD for v = 0.5.
−
(
dW
dx
)
soft,iso
=
Q2
v2
Im
∫ v
−v
dωˆ
(2π)2
ωˆ
[
− v
2 − ωˆ2
2(1− ωˆ2)2ΠT ln
(1− ωˆ2)q∗2 +ΠT
ΠT
−ΠL
2
ln
q∗2 −ΠL
−ΠL
]
(7.21)
being the isotropi result for general q∗ (alulated originally by Thoma and
Gyulassy [116℄). Note that Eq.(7.21) orresponds to the Braaten-Thoma result
when expanding the logarithms under the assumption q∗ ≫ mD. The respetive
results are ompared in Fig. 7.2: while the results are idential for large q∗/mD
the Braaten-Thoma result beomes negative for small q∗/mD whereas the unex-
panded result obtained through numerial integration is positive for all values of
q∗/mD.
The eets of the anisotropy are enoded in the funtions (dW/dx)soft,ξ1 and
(dW/dx)soft,ξ2 whih resemble that of (dW/dx)soft,iso, but sine they onsist of
many more terms than the isotropi ontribution they will not be listed here
expliitly. The diretion of the heavy parton enters the small-ξ result only through
the expliit term (v · nˆ)2/v2. The funtion − (dW/dx)soft,ξ2 whih multiplies this
term and therefore ontrols the diretional dependene of the soft part is plotted
in Fig. 7.3. As an be seen in this gure, the funtion is negative for small q∗/mD
but beomes positive for large q∗/mD. Sine the funtion will eventually be
evaluated at some q∗/mD that minimizes the overall energy loss depending on the
veloity and the oupling onstant, the diretional trend of the soft part reverses
one this value of q∗/mD rosses the point where (dW/dx)soft,ξ2 = 0. Therefore,
one expets the energy loss to be peaked along nˆ for some ouplings and veloities,
while being peaked transverse to nˆ for others (see sketh in Fig. 7.1).
For general ξ it turns out that the results obtained in the small ξ limit still
hold qualitatively although quantitatively the preditions dier onsiderably one
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ξ beomes large. Fortunately, in the limit ξ →∞ one an again use the analyti
results for the struture funtions of hapter 6 as a veriation of quantitative
results.
7.2 Hard Contribution
The hard ontribution an be separated into two parts: one ontribution oming
from the sattering of the heavy parton on quarks in the plasma and another one
that takes into aount the sattering on gluons (orresponding to the tree-level
diagrams shown in Fig.7.4). Assuming the veloity of the parton to be muh
higher then the ratio of the plasma temperature to the energy of the parton,
v ≫ T/E, the ontribution oming from quark-quark sattering an be redued
to [113℄
−
(
dW
dx
)Qq
hard
=
2(4π)3Nfα
2
s
3v
∫
d3k
(2π)3
fξ(k)
k
∫
d3k′
(2π)3
1− fξ(k′)
k′
δ(ω − v · q)
× Θ(q − q∗) ω
(ω2 − q2)2
[
2(k − v · k)2 + 1− v
2
2
(ω2 − q2)
]
, (7.22)
after performing the Dira traes and evaluating the sum over spins while the
ontribution oming from quark-gluon sattering gives
−
(
dW
dx
)Qg
hard
=
(4π)3α2s
2v
∫
d3k
(2π)3
nξ(k)
k
∫
d3k′
(2π)3
1 + nξ(k
′)
k′
δ(ω − v · q)Θ(q − q∗)
× ω
[
(1− v2)2
(k − v · k)2 + 8
(k − v · k)2 + 1−v2
2
(ω2 − q2)
(ω2 − q2)2
]
. (7.23)
Here fξ(k) and nξ(k) are the anisotropi versions of the tree-level Fermi-Dira
and Bose-Einstein distribution funtions at zero hemial potential and ω = k′−k
while q = k′−k. Note also that q∗ ats as IR uto for the q integration. Sine the
integrand is odd under the interhange k↔ k′ the terms involving the produts
fξ(k)fξ(k
′) and nξ(k)nξ(k′) vanish sine they are symmetri. Redening the
origin of the k′ integration so that it beomes an integration over q one obtains
−
(
dW
dx
)Qq
hard
=
16Nfα
2
s
3v
∫
d3k
(2π)3
fξ(k)
k
∫ ∞
q∗
q2dq
∫
dΩq
δ(ω − v · q)
|q+ k|
× ω
(ω2 − q2)2
[
2(k − v · k)2 + 1− v
2
2
(ω2 − q2)
]
,
−
(
dW
dx
)Qg
hard
=
4α2s
v
∫
d3k
(2π)3
nξ(k)
k
∫ ∞
q∗
q2dq
∫
dΩq
δ(ω − v · q)
|q+ k|
× ω
[
(1− v2)2
(k − v · k)2 + 8
(k − v · k)2 + 1−v2
2
(ω2 − q2)
(ω2 − q2)2
]
, (7.24)
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Figure 7.4: Tree-level Feynman diagrams for the sattering proesses Qq → Qq
(rst diagram) and Qg → Qg (remaining diagrams).
where now ω = |q+ k| − k.
Choosing v to be the z-axis for the q and k integration one an rewrite the
delta-funtion as
δ(|q+ k| − k − v · q) =
δ(φq − φ0)Θ(k + v · q)2|q+ k|
q
√
4k2 sin2 θk sin
2 θq − (q(1− v2 cos2 θq) + 2 cos θq(k cos θk − kv))2
,(7.25)
where φ0 is the solution of the equation
cos(φ0 − φk) = −q(1− v
2 cos2 θq) + 2 cos θq(k cos θk − kv)
2k sin θk sin θq
. (7.26)
Inluding a fator of 2 beause of the symmetry φ0 ↔ 2π− φ0 the φq integration
is straightforward. Moreover, the q integration an be done by saling k = qz as
well as ω = qv cos θq, sine then
nξ(k)→
√
1 + ξn(qz
√
1 + ξ(kˆ · nˆ)2) (7.27)
and one only needs to onsider the integrals over Fermi-Dira and Bose-Einstein
distributions,
1
x2T 2
∫ ∞
xT
dq q f(q) =
x ln(1 + exp (−x))− Li2(− exp (−x))
x2
= F1(x) (7.28)
1
x2T 2
∫ ∞
xT
dq q n(q) =
−x ln(1− exp (−x)) + Li2(exp (−x))
x2
= F2(x), (7.29)
where x = q
∗z
T
√
1 + ξ(nx sin θk cosφk + nz cos θk)2, with nz = nˆ·vˆ and 1 = n2x + n2z.
The hard ontributions to the energy loss then take the form
−
(
dW
dx
)Qq
hard
=
8α2sNf(qˆ
∗)2T 2
√
1 + ξ
3π3v
∫ ∞
0
zdz
∫ 1
−1
d cos θk
[∫ 2π
0
dφkF1(x)
]
∫ 1
−1
d cos θq × T v cos θq
(v2 cos2 θq − 1)2
[
2z2(1− v cos θk)2
+
1− v2
2
(v2 cos2 θq − 1)
]
,
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Figure 7.5: Hard ontribution to the isotropi energy loss for Nf = 2 (full line)
as a funtion of qˆ∗ for v = 0.5 ompared to the Braaten-Thoma result (dashed
line).
−
(
dW
dx
)Qg
hard
=
2α2s(qˆ
∗)2T 2
√
1 + ξ
π3v
∫ ∞
0
zdz
∫ 1
−1
d cos θk
[∫ 2π
0
dφkF2(x)
]
∫ 1
−1
d cos θq × T v cos θq
[
(1− v2)2
z2(1− v cos θk)2
+8
z2(1− v cos θk)2 + 1−v22 (v2 cos2 θq − 1)
(v2 cos2 θq − 1)2
]
,
(7.30)
where T denotes the unwieldy expression
T = Θ(z+v cos θq)Θ(4z
2 sin2 θk sin
2 θq − (1− v2 cos2 θq + 2 cos θqz(cos θk − v))2)√
4z2 sin2 θk sin
2 θq − (1− v2 cos2 θq + 2 cos θqz(cos θk − v))2
.
(7.31)
The remaining integrations have to be performed numerially.
7.2.1 Behavior of the hard part
Similar to what has been done for the soft part it is possible to gain some in-
sight on the parametri dependene of the hard ontribution by onsidering the
anisotropy to be weak (ξ ≪ 1) [114℄. One an then ompare the unexpanded
isotropi (ξ = 0) result to the Braaten-Thoma result, shown in Fig. 7.5. As one
an see, the two results are idential for small qˆ∗ = q∗/T while for larger qˆ∗ the
Braaten-Thoma result beomes negative and the unexpanded result Eq.(7.30) is
positive for all values of qˆ∗.
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Figure 7.6: Isotropi energy loss of a beauty (a) and harm quark (b) as a funtion
of momentum p for T = 250MeV and αs = 0.3. Shown are the respetive results
from Ref. [117℄ (dotted line) and Ref. [113℄ (dashed line) as well as the evaluation
of Eq.(7.32) (full line) with a variation of q∗ (gray band).
7.3 Isotropi results
In the isotropi limit, the total ollisional energy loss of a heavy parton is obtained
by adding Eq.(7.21) and Eq.(7.30) with ξ = 0,
−
(
dW
dx
)
iso
= −
[(
dW
dx
)
soft,iso
+
(
dW
dx
)
hard,iso
]
. (7.32)
It is a funtion of the strong oupling αs, the partile veloity v, the temperature
T and the momentum separation sale q∗. As has already been disussed above,
the q∗ dependene of the result is found to beome weak for small values of the
oupling limit αs (similar to what has been found in QED [114℄), orresponding
to the original result by Braaten and Thoma [113℄; for larger values of the
oupling one xes q∗ = qpms using the priniple of minimum sensitivity,
d
dq∗
(
dW
dx
)
iso
∣∣∣∣
q∗=q∗pms
= 0. (7.33)
Note that − (dW
dx
)
iso
∣∣
q∗=q∗pms
always serves as a lower bound on the result for the
energy loss. To get an estimate of how strongly the result depends on this speial
value of q∗, one an e.g. vary q∗pms by a ertain fator cq∗ and evaluate the energy
loss at q∗pmscq∗ and q
∗
pms/cq∗. This fator cq∗ is in priniple arbitrary, but should
be suh that the resulting q∗ is neither muh smaller than mD, nor muh bigger
than 2πT ; in the following, I have hosen cq∗ = 2 to be onsistent with what has
been done in QED [114℄.
In Fig. 7.6a,b various results for the energy loss of a heavy parton in an
isotropi quark-gluon plasma are ompared: shown are the results fromBjorken
[117℄, Braaten and Thoma [113℄, as well as Eq.(7.32) at q∗ = q∗pms together with
its variation using cq∗ = 2. For the ompilations a temperature of T = 250MeV
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and a oupling onstant of αs = 0.3 was adopted; Fig. 7.6a shows the energy loss
of a beauty quark with mass MQ ≃ 5GeV while in Fig. 7.6b the energy loss of
a harm quark with mass MQ ≃ 1.5GeV is plotted, both as a funtion of their
momenta
p =
vMQ√
1− v2 . (7.34)
7.3.1 Limitations
Sine Eq.(7.32) has been derived for an innitely heavy parton, it breaks down
for thermal veloities v ∼ √T/MQ beause a quark with v = 0 an only gain
energy from ollisions with other partiles in the heat bath. A semi-quantitative
estimate of the veloity where the energy loss beomes negative has been done
in Ref. [113℄ by repeating the above alulation in the limit v → 0 and for
weak ouplings, nding v ∼ √3T/MQ (whih orresponds to p = 1.5GeV and
p = 2.1GeV for harm and beauty quarks, respetively). Similarly, Eq.(7.32) also
breaks down for ultrarelativisti energies E ≫M2Q/T , with the ross-over energy
having been determined to be Ecross ≃ 1.8M2Q/T (orresponding to v > 0.995
for both harm and beauty quarks). However, note that the reason that the
Braaten-Thoma result turns negative for a momentum of p ≃ 5.7GeV for the
beauty and p ≃ 1.71GeV for the harm quark (as is indiated in Fig. 7.6a,b) is
not due to this physial reason but rather due to a failure of the extrapolation
from the weak oupling limit to realisti ouplings [113℄. For the unexpanded
result Eq.(7.32), this unphysial behavior does not our and one an therefore
expet it to be valid for veloities down to the original estimate v ∼√3T/MQ.
Finally, it should be noted that no estimate on the next-to-leading order
(NLO) orretions to the energy loss has been made here. Therefore, it should be
kept in mind that for QCD with large realisti oupling the inlusion of these NLO
orretions might give energy loss results that are not overed by the variations
of q∗ in the leading-order result, so these variations should be interpreted with
are.
7.4 Anisotropi results
The full result for the heavy parton energy loss in an anisotropi system with
strength ξ is given by adding the soft ontribution from Eq.(7.18) and the hard
ontributions from Eq.(7.30),
−
(
dW
dx
)
= −
[(
dW
dx
)
soft
+
(
dW
dx
)
hard
]
. (7.35)
It depends on q∗, T and v as was the ase for the isotropi energy loss, but in
general also on the angle of the partile diretion with respet to the anisotropy
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malized to the isotropi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vetor cos θ = vˆ · nˆ (skethed in Fig. 7.1). The angular dependene of the energy
loss at ξ = 1 normalized to the isotropi energy loss Eq.(7.32) is shown in Fig. 7.7
for v = 0.5 and dierent ouplings αs = 0.2, 0.3, 0.4; as an be seen, for all ou-
plings onsidered the energy loss turns out to be smaller along nˆ than transverse
to it. However, as already noted in the earlier disussion on the soft ontribution
to the energy loss, this dependene may hange as a funtion of the veloity v,
as an be seen in Fig. 7.8, where the energy loss Eq.(7.35) evaluated at θ = 0
and θ = π/2 has been plotted for αs = 0.3. From this gure it beomes lear
that the energy loss is peaked at θ = π/2 for veloities smaller than v0 while it is
peaked at θ = 0 for v > v0, where v0 ≃ 0.7 for ξ = 1 and αs = 0.3 (see also [118℄).
Note that in Figs. 7.7, 7.8 the variational bands orrespond largely to those of
the isotropi results (about 40% higher).
For simpliity here it was assumed that quark and gluon distribution fun-
tions have momentum-spae anisotropies of the same strength. In general, this
assumption is quite probably not fullled, so a more realisti result for the energy
loss will depend on the quark and gluon anisotropies separately.
7.5 Eets of nite hemial potential
Taking nite hemial potential into aount, the soft ontribution Eq.(7.18)
remains unhanged in form with the only dierene being the hange of the
Debye mass
m2D → 4παs
(
6 +Nf
6
T 2 +
Nfµ
2
2π2
)
, (7.36)
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in the struture funtions aording to Eq.(2.4). For the hard ontribution, only
the quark-quark sattering term hanges, so one has to replae
fξ(k)(1− fξ(k′))→ 1
4
(f+,ξ(k) + f−,ξ(k)) (1− (f+,ξ(k) + f−,ξ(k)) (7.37)
in Eq.(7.22). Again, all terms involving produts of distribution funtions an
be shown not to ontribute to the energy loss, so one reovers Eq.(7.30) with the
funtion F1(x) being replaed by
F1(x)→ 1
2T 2
∫ ∞
xT
dq q (f+(q) + f−(q)) , (7.38)
whih an be alulated analytially similar to Eq.(7.28). A subsequent evalua-
tion of the ollisional energy loss at nite hemial potential in the weak oupling
limit has been done in Ref. [119℄. There it was found that the eets played by
the quark hemial potential are rather small unless µ/T gets large.
7.6 Summary
In this hapter I have alulated the omplete leading-order ollisional energy
loss of a heavy parton propagating through an anisotropi quark-gluon plasma.
The alulation was based on results for the olletive modes in an anisotropi
plasma of hapter 6 and it was demonstrated that the unstable modes found for
suh a system would in priniple ause the result to be divergent. However, it
has been shown that the ollisional energy loss is proteted by the mehanism of
dynamial shielding, for whih a proof in two analytially tratable regimes (weak
and extremely strong anisotropy) was given. As a side result, in the isotropi limit
the original result for the energy loss was shown to have a orretion whih ured
the problem of unphysial energy loss results for heavy partons.
The results were applied for beauty and harm quarks and the appliability of
the alulation was disussed. Also, it was shown that for anisotropi systems the
ollisional energy loss has an angular dependene whih is expeted to inrease for
larger ouplings and stronger anisotropies, possibly having phenomenologial im-
pliations. Finally, a renement of the alulation involving dierent momentum-
spae anisotropies for the quark and gluon distribution funtions was suggested
and the eets of nite hemial potential were disussed.
Chapter 8
Conlusions and outlook
In this work, I have investigated the quasipartile desription of ertain observ-
ables in the hot and dense quark-gluon plasma. More preisely, the quasipartile
exitations and in general the olletive modes of systems with isotropi as well
as anisotropi momentum-spae distribution funtions were analyzed in the HTL
approximation, with a speial emphasis on the gluoni exitations.
For isotropi systems, an HTL quasipartile model for the thermodynami
pressure based on the two-loop Φ-derivable approximation for the entropy was
proposed, whih improves on an existing simpler model by taking into aount
the full momentum dependene of the HTL self-energies. It was shown that these
quasipartile models an be used to aurately desribe two-avor lattie results
for the pressure, entropy and quark-number suseptibilities at zero hemial po-
tential by adopting an eetive running oupling inluding two t parameters.
An extension of these quasipartile models to nite hemial potential (naturally
given by a ow equation for the strong oupling as a onsequene of the sta-
tionarity ondition for the quark and gluon propagators) was also shown to be
onsistent with independent lattie studies in the region of appliability of the
latter. Therefore, these results demonstrate that quasipartile models an qual-
itatively reprodue lattie results for the major bulk thermodynami quantities
above the phase transition, at least when supplied by a phenomenologially in-
spired eetive strong oupling as an input. Quantitatively the dierenes with
respet to lattie studies were found to be small but non-vanishing, although it
is probably fair to say that urrently the variations in the latter due to dierent
implementations of fermions and inomplete ontinuum-extrapolations are om-
parable in magnitude. Enouragingly, the inlusion of the plasmon eet whih
has devastating eets on a stritly perturbative alulation for the pressure turns
out to lead to small orretions when inorporated through a quasipartile model,
as has been shown here.
Therefore, quasipartile models in general and the HTL model in partiu-
lar provide a simple, physially intuitive and rather aurate desription of the
quark-gluon plasma, both at zero and also at non-vanishing hemial potential.
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Moreover, motivated by this suess at small hemial potential, estimates of
quantities at large hemial potential, suh as the ritial hemial potential at
very small temperature, an and have been alulated. Although these results
represent only estimates based on the physis at small µ and are therefore likely
to hange somewhat one tehniques whih are more aurate for the high den-
sity regime are developed, the quasipartile model alulations give preise and
robust preditions in ontrast to lattie studies whih (as yet) annot reah this
domain of high density at all or stritly perturbative results whih suer from
large renormalization sheme dependenes.
However, further renements are possible: as a rst step, a omplete determi-
nation of the next-to-leading order orretions to the self-energies would eliminate
the dependene of the NLA model on the free parameter cΛ, allowing a preise
inlusion of the full plasmon term in the model, thereby greatly inreasing its
auray. The next (ambitious) step would be to aim for a fully self-onsistent
alulation of the one-loop self-energies, whih in turn would make the quasipar-
tile model ompletely self-ontained, sine both the form of the gap-equations as
well as the running oupling would result from suh a alulation. Unfortunately,
while the rst step is fairly straightforward, the seond step probably still has
to await progress onerning gauge-dependenies and the renormalization pro-
edure of e.g. the two-loop Φ-derivable approximation for QCD. Nevertheless,
the results of suh alulations would be highly interesting sine it is possible
that knowledge about suh fully non-perturbative quasipartile-like exitations
might be suient to oer something that is very lose to a full desription of
the isotropi quark-gluon plasma.
For anisotropi systems, however, the situation is fairly dierent: the reason
for this is that systems with an anisotropy in momentum spae possess unstable
modes that orrespond to exponentially growing gauge eld amplitudes. The
presene of these unstable modes is believed to have important onsequenes
both on the dynamial evolution of the quark-gluon plasma as well as on more
pratial issues suh as the de-fato breakdown of alulations using a pertur-
bative framework, as has been demonstrated. However, owing to the fat that
in QCD the (re-)disovery of these instabilities has only ourred very reently,
many important questions remain largely unanswered and indeed are subjet to
ative ongoing researh. For example, there are indiations that ertain observ-
ables exist that are proteted from the breakdown of perturbative alulations,
as has been shown expliitly here for the ollisional energy loss of a heavy par-
ton. However, it is urrently unknown if there are any other observables that are
either dynamially shielded or otherwise proteted from the singularities oming
from the unstable modes, so further studies in this diretion are mandatory to
have a better understanding of the eets of the QCD plasma instabilities. Also
the saturation mehanism of the instabilities deserves loser investigation: while
for QED non-perturbative eets on the hard partiles are responsible for halting
the growth of the unstable modes, for QCD the non-Abelian interation between
85
the soft elds might saturate this growth already earlier. Moreover, a detailed
understanding of the role that the instabilities play in modifying the bottom-
up thermalization sheme is still missing and would probably be very important
for the early system evolution following a heavy-ion ollision. Summarizing, the
full impliations of unstable modes in the anisotropi quark-gluon plasma have
not yet been worked out, but urrent knowledge suggests that these might have
(measurable?) onsequenes on the physis tested at RHIC and espeially the
LHC one it beomes operable, sine there the momentum-spae anisotropies are
probably very strong.
In onlusion, alulations based on the analysis of olletive modes oer
qualitative as well as quantitative preditions relevant for QCD at high temper-
ature (and non-vanishing hemial potential) both for isotropi and anisotropi
systems. However, whereas for isotropi systems quasipartile models for thermo-
dynami quantities are well-developed and have been tested in many oasions,
anisotropi systems are less well understood and their theoretial treatment has
only been tested in the ase of QED. Moreover, urrent alulations (although
non-perturbative in harater beause of impliit resummations) are essentially
limited to inluding only leading-order orretion terms ompletely, so the quan-
titative (as well as qualitative?) eets of higher order orretions might still
be substantial for QCD where the oupling gets large. Nevertheless  pending
the development of new methods  quasipartile desriptions of hot and dense
QCD allow preditions in a range of situations where other approahes from rst
priniples beome either ambiguous, very ompliated or break down altogether,
thus making the former an invaluable tool in the study of the new form of matter
alled the quark-gluon plasma.
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Appendix A
Table of symbols
For onveniene, I inlude here a short explanation of some of the symbols used
in the main text (roughly in order of appearane):
Symbol Meaning
T Temperature
µ Quark hemial potential
Tc Critial temperature at µ = 0
p Thermodynami pressure
p0 Stefan-Boltzmann pressure
µ0 Chemial potential at T ≃ 0 where p = 0
µc Chemial potential at T ≃ 0 where p = p(T = Tc, µ = 0)
µ¯ Renormalization point in MS sheme
Λ
MS
Renormalization sale in MS sheme
s, n, ǫ Entropy, quark number and energy density
χ, χ¯ Quark number suseptibilities
αs Strong oupling onstant
Nf Number of quark avors
mD Debye mass
Ts, λ, B0 Quasipartile model t parameters
ξ Anisotropy parameter (see hapter 6)
α, β, γ, δ Anisotropi self-energy struture funtions
q∗ Momentum separation sale
dW/dx Collisional energy loss
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Appendix B
Coeients for the HTL oupling
ow equation
In order to rewrite Eq.(3.17) into the form of Eq.(2.26), quite some algebra is
neessary. For onveniene, I therefore reprodue here the nal oeients aT , aµ
and b whih may be diretly used to solve the ow equation. I nd
aT =
2NNf
N2 − 1
C
T
,
aµ = − A
T 2
− 2NNf
N2 − 1
B
T 2
,
b
4παs,eff
=
2NNf
N2 − 1
C
T
4παs,eff
M2
N2 − 1
8N
T − A
T 2
4παs,eff
m2D
Nf
π2
µ
− 2NNf
N2 − 1
B
T 2
4παs,eff
M2
N2 − 1
8N
µ
π2
, (B.1)
where
A =
∫
d3k
(2π)3
{[
2
π
∫ k
0
dω dn(ω)(−ω) 2(k
2 − ω2)(ImΠT )3
[(k2 − ω2 + ReΠT )2 + (ImΠT )2]2
+
2
π
∫ k
0
dω dn(ω)(−ω) k
2(ImΠL)
3
[(k2 + ReΠL)2 + (ImΠL)2]
2
]
−2E2T dn(ET )
E2T − k2
|m2DE2T − (E2T − k2)2|
− E2L dn(EL)
E2L − k2
|k2 − E2L +m2D|
}
,(B.2)
B =
∫
d3k
(2π)3
{[
2
π
∫ k
0
dω [df+(ω)(−ω + µ)− df−(ω)(ω + µ)]
× (k − ω)(ImΣ+)
3
[(k − ω + ReΣ+)2 + (ImΣ+)2]2
+
2
π
∫ k
0
dω [df+(ω)(−ω + µ)− df−(ω)(ω + µ)] (k + ω)(ImΣ−)
3
[(k + ω + ReΣ−)2 + (ImΣ−)2]
2
]
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+(E+ − k) [df+(E+)(−E+ + µ)− df−(E+)(E+ + µ)] E
2
+ − k2
2M2
+(E− + k) [df+(E−)(−E− + µ)− df−(E−)(E− + µ)]
E2− − k2
2M2
}
, (B.3)
C =
∫
d3k
(2π)3
{[
2
π
∫ k
0
dω (−df+(ω) + df−(ω)) (k − ω)(ImΣ+)
3
[(k − ω + ReΣ+)2 + (ImΣ+)2]2
+
2
π
∫ k
0
dω [−df+(ω) + df−(ω)] (k + ω)(ImΣ−)
3
[(k + ω + ReΣ−)2 + (ImΣ−)2]
2
]
+(E+ − k) [−df+(E+) + df−(E+)]
+(E− + k) [−df+(E−) + df−(E−)]} . (B.4)
In the above equations I have used the abbreviations
dn(ω) =
− expω/T
(expω/T − 1)2
df±(ω) =
− exp (ω ± µ)/T
(exp (ω ± µ)/T + 1)2 . (B.5)
Furthermore, ET , EL and E+, E− are the dispersion relations ET (k), EL(k) and
E+(k), E−(k) for the bosoni and fermion quasipartiles shown in hapter 2, and
ΠT ,ΠL,Σ+,Σ− are the bosoni and fermioni HTL self-energies also presented in
this hapter.
Appendix C
Analyti expressions for struture
funtions
In this appendix I ollet the integral and analyti expressions for the struture
funtions α, β, γ, and δ dened in Eq.(6.31). Choosing nˆ = zˆ and k to lie in the
x−z plane (kx/kz = tan θn) one has vˆ·nˆ = cos θ and v·k = vkx cosφ sin θ+vkz cos θ.
Using this parameterization the φ integration for all four struture funtions
dened by the ontrations in Eq.(6.31) an be performed analytially.
α(K, ξ) =
m2D
k2n˜2
∫
d(cos θ)
2
ω + ξkz cos θ
(1 + ξ(cos θ)2)2
[
ω − kz cos θ
+k2(s2 − (cos θ − ωkz
k2
)2)R(ω − kz cos θ, kx sin θ)
]
, (C.1)
β(K, ξ) = −m
2
Dω
2
k2
∫
d(cos θ)
2
1
(1+ξ(cos θ)2)2
× [1− (ω + ξkz cos θ)R(ω−kz cos θ, kx sin θ)] , (C.2)
γ(K, ξ) = m2D
∫
d(cos θ)
2k2
1
(1 + ξ cos2 θ)2
[
ω2 + ξk2 cos2 θ − 2k
2
k2x
(ω2 − ξk2z cos2 θ)
+
(ω + ξkz cos θ)k
4
k2x
(
2(cos θ − ωkz
k2
)2 − s2
)
R(ω − kz cos θ, kx sin θ)
]
, (C.3)
δ(K, ξ) =
m2Dω
k4n˜2
∫
d(cos θ)
2
ω + ξkz cos θ
(1 + ξ cos2 θ)2
(
kz+(k
2 cos θ−ωkz)
×R(ω−kz cos θ, kx sin θ)) , (C.4)
where s2 = (1− ω2/k2)(k2x/k2) and
R(a, b) =
∫ 2π
0
dφ
2π
1
a− b cosφ+ iǫ =
1√
a+ b+ iǫ
√
a− b+ iǫ . (C.5)
When a and b are real-valued R an be simplied to
R(a, b) =
sgn(a)Θ(a2 − b2)√
a2 − b2 −
iΘ(b2 − a2)√
b2 − a2 , (C.6)
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with Θ(x) being the usual step-funtion. Note that the remaining integration
over θ an also be done analytially but the results are rather unwieldy so I do
not list them here.
Stati Limit
In the limit ω → 0 it is possible to obtain analyti expressions for all four struture
funtions. The results for mα and mβ dened in Eq.(6.38) are
m2α = −
m2D
√
1 + ξ
2k2x
√
ξ
(
k2zarctan
√
ξ − kzk
2√
k2 + ξk2x
arctan
√
ξkz√
k2 + ξk2x
)
,(C.7)
m2β = m
2
D
(
√
ξ + (1 + ξ)arctan
√
ξ)(k2 + ξk2x)
2
√
ξ
√
1 + ξ(k2 + ξk2x)
+m2D
ξkz
(
kz
√
ξ + k
2(1+ξ)√
k2+ξk2x
arctan
√
ξkz√
k2+ξk2x
)
2
√
ξ
√
1 + ξ(k2 + ξk2x)
, (C.8)
with similar results for m2γ and m
2
δ .
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